DUALITIES IN TRIANGULATED CATEGORIES

Overview. The goal of this lecture course is to give a modern point of view on some important
duality theorems in algebra, from the point of view of triangulated categories. This perspective
also enables one to view these dualities not just in an algebraic setting, but to transport them
into other realms, such as geometry and topology. The main focus will be on Grothendieck’s local
duality theorem, which relates the Matlis dual of local cohomology to the ordinary functional dual.
The course will give an introduction to triangulated categories, before turning to introducing
local cohomology, firstly in the classical algebraic setting, and then in the triangulated realm and
explaining how the latter recovers and generalises the former. We will then turn to exploring
local duality in the triangulated setting, which naturally leads us to consider other duality
theorems such as Greenlees-May duality, and Warwick duality. We will show how one can
recover the classical statement of Grothendieck local duality from this more general triangulated
version.

Contact information. Jordan Williamson, williamson@karlin.mff.cuni.cz

Relevant literature.

(1) H. Krause. Localization theory for triangulated categories. In Triangulated categories,
volume 375 of London Math. Soc. Lecture Note Ser., pages 161-235. Cambridge Univ.
Press, Cambridge, 2010

(2) H. Krause. Homological theory of representations, volume 195 of Cambridge Studies in
Advanced Mathematics. Cambridge University Press, Cambridge, 2022

(3) M. Hovey, J. H. Palmieri, and N. P. Strickland. Axiomatic stable homotopy theory.
Mem. Amer. Math. Soc., 128(610):x+114, 1997

(4) T. Barthel, D. Heard, and G. Valenzuela. Local duality in algebra and topology. Adv.
Math., 335:563-663, 2018

(5) W. G. Dwyer and J. P. C. Greenlees. Complete modules and torsion modules. Amer. J.
Math., 124(1):199-220, 2002

(6) C. Huneke. Lectures on local cohomology. Contemp. Math., 436, Interactions between
homotopy theory and algebra, 51-99, Amer. Math. Soc., Providence, RI, 2007.

(7) C. Weibel. An introduction to homological algebra. Cambridge Studies in Advanced
Mathematics. 38. Cambridge: Cambridge University Press. xiv, 450 p. (1994).

(8) A. Neeman. Triangulated categories. Annals of Mathematics Studies. 148. Princeton,
NJ: Princeton University Press. vii, 449 p. (2001).

Assessment. The final exam will be an oral exam. For zapocet, students will have to get at
least 50% of marks on each of the 3 homework assignments.



2 DUALITIES IN TRIANGULATED CATEGORIES
1. WHAT IS DUALITY?

There is no precise definition of what constitutes a duality, indeed, Atiyah said “Duality in
mathematics is not a theorem, but a “principle””. Perhaps the closest to a precise formulation
of duality is that it is a contravariant endofunctor D: € — € such that D? is the identity, either
on C or on a convenient subcategory of it. However there are many forms of things which we
call duality theorems which do not fit this mould; for example, there is even something called
the covariant Grothendieck duality theorem! Another possible formulation of a duality is that it
is a statement which relates a covariant functor to a contravariant functor. Let us investigate
three examples of dualities to give a flavour of the meaning.

Example 1.1 (Complements of subsets). Let A be a set, and B C A. Then taking the
complement twice, we have (B€)¢ = B. In the above formulation, this amounts to taking € to

be the category whose objects are subsets of A, with a morphism B — B’ if and only if B C B/,
and D = (—)°.

Example 1.2 (Functional duality of vector spaces). Let V' be a vector space over a field k.
The dual vector space V* is defined to be the set of k-linear maps V' — k with the obvious
vector space structure, i.e., V* = Homy(V, k). There is a natural map f: V — V** defined via

fv): Homy(V k) =k f(v)(g9) = g(v).

One checks that this map is k-linear, and that moreover, if V' is finite dimensional, then f is an
isomorphism. Rephrasing this categorically, we take € to be the category of k-vector spaces,
D = (—)*, and D? is isomorphic to the identity on the subcategory of finite dimensional vector
spaces. There is an important note to be made here: as finite dimensional vector spaces are
determined by their dimension, one may check that for V' finite dimensional, we have that V is
isomorphic to V*. However, this isomorphism is not natural since it relies on a choice of basis.
On the other hand, V is naturally/canonically equivalent to its double dual V**. As such, in
the prototype definition of duality given above, we actually want to require that D? is naturally
isomorphic to the identity.

Example 1.3 (Grothendieck local duality). We now turn to stating the main duality theorem
of this course. We will not define all of the terms in the statement; we will make them precise
throughout the course. We will focus on the statement in commutative algebra, but one selling
point of the language which we will study in this course, is that it allows for a statement of
Grothendieck local duality to be made in a broad range of settings.

Let (R, m, k) be a local Gorenstein ring; recall that a ring is Gorenstein if it has finite injective
dimension as a module over itself. Then Grothendieck local duality asserts that

Extiy (M, R)) = HE™ B~ (pn)V
for all R-modules M.

In this statement, H(—) denotes the local cohomology. This is a much used tool in commutative
algebra and beyond. One example of where local cohomology can be used is in answering
questions about how many generators one needs to generate an ideal up to radical. Recall that
for an ideal I, the radical is

VI={zeR|z"el for some n}.
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For example, in the polynomial ring k[z,y| the ideal I = (22, ry,y?) can actually be generated
up to radical by only two elements; that is, /T = 1/(22,%2). This example is very small, but for
larger rings and ideals, local cohomology provides a structured way to attack such questions.

Grothendieck local duality does not fit the mould for duality theorems as we ‘defined’ above.
However, note that it deserves the title of a duality since it relates the contravariant functor
Ext%(—, R}) to the covariant functor Hﬂlm(R)_l(—).

Grothendieck local duality is a powerful tool since it enables one to replace questions about
local cohomology with questions about Ext-groups. Another reason Grothendieck local duality
is useful arises when trying to pass to local problems: H}(—), is always zero if p # m, so
one cannot simply localize local cohomology directly. Instead one may pass to the world of
Ext-groups, localize there, and then translate back to local cohomology.

2. TRIANGULATED CATEGORIES

2.1. The axioms. Loosely speaking, a triangulated category consists of an additive category
T, together with two extra pieces of data:

(1) an equivalence of categories ¥: T = T called the shift;
(2) a collection of triangles X — Y — Z — ¥X satisfying various axioms which ensure
good behaviour.

Definition 2.1. Let T be an additive category and ¥: T =+ T be an additive equivalence of
categories. A candidate triangle is a diagram

x4y zhex

such that the composites go f, hog, and X f o h are all zero. A morphism of candidate triangles
is a commutative diagram

X y 4 .z M yx

.

X —Y — 72— vX.
f g h

Considering a smaller class of candidate triangles which satisfy certain properties leads to the
notion of a triangulated category. The first four axioms are easy to justify, but the final axiom is
harder to motivate. It is convenient to develop the theory assuming only these first four axioms,
and then add in the final one once it becomes relevant. Nonetheless, we’ll give both definitions
now, so that we can consider an example before embarking on the abstract theory.

Definition 2.2. A pretriangulated category T is an additive category together with an additive
equivalence of categories ¥: T = T, and a subclass of candidate triangles called distinguished
triangles which satisfy the following axioms:

(TRO) Any candidate triangle which is isomorphic to a distinguished triangle is a distinguished
triangle, and for all X € T the candidate triangle

X5HX 505X
is distinguished.
(TR1) For all f: X — Y in T, there exists a distinguished triangle X Ly oz vx.
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(TR2) Let X v % 7 B $.X be a candidate triangle. This is distinguished if and only if the
candidate triangle

is distinguished.
(TR3) For any commutative diagram

x_Jt .y 9.7 " vy

[P

X — Y 7 — s uX.
f g h

in which the rows are triangles, there exists a map w: Z — Z’' (which need not be
unique) making

x-Jt .y _ 9.7 h 6wy

P

X — Y 7 SX.
f g h

comimute.

Remark 2.3. It is standard to drop the adjective ‘distinguished’, and just refer to them as
triangles. For candidate triangles, we will never drop the adjective.

Remark 2.4. By combining (TR2) with (TR3), one sees that there always exists fillers in the
first and second column too.

Definition 2.5. A triangulated category T is a pretriangulated category satisfying the following
additional axiom:

(TR4) Suppose that X 5 Y £ 27 yx v 5 25 X' % 2V and X “L 2 & v’ & v
are distinguished triangles. Then there exists a distinguished triangle
75y L x' Ly
such that v = Ba, h =ba, v = Xgow, w8 = % f oband ag = au.

Pictorially this axiom can be represented by the following commuting diagram:
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The dotted maps are of degree 1 (i.e., f: X --» Y represents a map f: X — XY), and
composites of the form ——--+ are triangles. The red maps are the extra data, together with
the condition that they form a triangle. In order to remember this, note that the primed letters
are the cones of maps, and that every triangle contains an X, Y, and a Z (primed or otherwise).
In light of the shape of the above diagram, (TR4) is often referred to as the octahedral axiom.

Alternatively, one can give the following pictorial representation.

x 1,y 9,y vy

1 u Lo 1
x Y,z _a ;' b, yx

f | LB sf
NN \ NG 5) ¥

g a ll Xg

The first three rows are the given triangles, and (TR4) then asserts the existence of the dotted
arrows making the diagram commute, so that the bottom row is also a triangle.

Let’s briefly discuss the axioms and provide some motivation for them. If one thinks as triangles

as a generalisation of short exact sequences, then in a triangle X i> v%znMhyx you should
think of Z as the (homotopy coherent) cokernel of f, and X as the (homotopy coherent) kernel
of g. The axioms then mean the following.

(TRO) The kernel and cokernel of the identity is zero.

(TR1) Every map has a kernel and cokernel.

(TR2) Up to sign, every map is the kernel of its cokernel and vice versa.

(TR3) Kernels and cokernels are almost functorial.

(TR4) One can interpret the given triangles as saying 7' ~Y/X, X' ~ Z/Y and Y' ~ Z/X,
and then the axiom asserts that X' ~Y’/Z' ie., (Z/X)/(Y/X)~Z]Y.

Remark 2.6. Given a triangle X Ly % 7 ¥ X, it is common to call Z the cofibre (or
cone) of f, and X the fibre (or cocone) of g. Sometimes it is customary to write triangles as
X — Y — Z and drop the map to the shift. We will sometimes subscribe to this later on the
course for brevity, but we warn the reader that it is important not to forget this map. For
example, a morphism of triangles requires the square including the map Z — X to commute.

We will give two detailed examples of triangulated categories: the homotopy category of a ring
and the derived category of a ring. These are intrinsically algebraic examples; there are many
more examples of triangulated categories, including plenty coming from topology and geometry,
but these require more background to describe, so we will focus on these algebraic cases. Here’s
a list of some examples we won’t describe, included for the interested reader:

e the stable homotopy category, and equivariant and chromatic versions of this,

e the derived category of quasi-coherent sheaves over a nice enough scheme,

e various ‘mixed’ versions of these, such as the motivic stable homotopy category,
e the stable module category of a finite group.
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2.2. Aside: preliminaries from homological algebra. Homological algebra is built upon
taking resolutions of modules. Therefore, one seeks a category which contains precisely the
homological information of modules, so that objects are resolutions, and a module is isomorphic
to any resolution of it. This utopian category will the derived category of the ring in question.
Let R be aring. A chain complex of R-modules M is a collection of R-modules {M;};cz together
with maps called differentials, d;: M; — M;_; for all i € Z, satisfying d; o d;+1 = 0. We write
Ch(R) for the category of chain complexes.

Recall that the condition on the differential ensures that Im(d;11) C Ker(d;), so that we may
consider the homology groups H;(M) = Ker(d;)/Im(d;+1) which measure how far away from
being exact a sequence is. A map f: M — N of chain complexes is a collection of levelwise
maps f;: M; — N; for each i € Z which commute with the differentials. Such a map is often
called a chain map. A chain map f: M — N is said to be a quasi-isomorphism if

is an isomorphism for all i € Z. Recall that given any short exact sequence of complexes

05ALB% 050
there is a connecting map ¢: H,C — H,_1A so that the induced sequence
o> H,B—H,C —-H, 1A— H, 1B—---
is long exact.

In this language, one may rephrase the definition of projective resolution of a module M as
being a complex P consisting of projective modules, together with a chain map P — M]0] which
is a quasi-isomorphism. Note here that we view the module M, as a complex M[0] by putting
M in degree 0 and zeroes everywhere else. (Henceforth we will just write M for M[0] and leave
it implicit that modules are viewed as complexes in degree 0.)

Given chain maps f,g: M — N, a chain homotopy from f to g is a collection of maps
hpn: My — Npy1 such that f, — g, = dﬁﬁrlhn + hn_ldﬁ\f as demonstrated by the diagram

dﬁfﬂ aM
n
M1 M, M, _1
fn+1 In+1 hn fn gn hn—l fn—l gn—1
Nn+1 N Ny N Np—1
n+1 n

We say that two complexes M, N are chain homotopy equivalent if there exists maps f: M — N
and g: N — M so that gf is chain homotopic to the identity on M and fg is chain homotopic
to the identity on N.

Let f: M — N be a map of chain complexes. The mapping cone of f denoted C(f) is the
complex with C(f), = M,,—1 & N,, and differential d(m,n) = (—dm,dn — fm). Sometimes it
can be convenient to write this differential as the matrix

—dy 0
—f dn)’
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The suspension (or shift) of a complex M, denoted XM, is defined by (XM),, = M,_1 with
differential —d. A way to remember which way the shift moves, is to note that the shift is
opposite to the differential. By including the M factor and sending the N factor to 0 one obtains
a chain map cy: C(f) = XM, cf(m,n) = m, as demonstrated in the following commutative
diagram:

—dng, dn—
.—>MnEBNn+1 —>( . A=)

(id,O)l
M,

My @ Ny ——————— -

l(id,O)
M1

—dnm
Similarly, there is a chain map if: N — C(f) given by is(n) = (0,n).
The tensor product of chain complexes is defined by
(M®rN)n= @ M; @r N;

i+j=n
with differential d(m ® n) = (dm ® n) + (—1)I™(m ® dn). The internal hom of chain complexes
is defined by

Hompg (M, N), = [ [ Homg(M;, Niin)
1€Z

with differential d(f) = d" o f — (—1)|f | fodM. If R is a commutative ring, then for any complex
of R-modules M, the tensor product functor — ® g M : Ch(R) — Ch(R) is left adjoint to the
internal hom functor Homp (M, —).

2.3. Example: the homotopy category of a ring. Fix a ring R. Before we can define
our desired category in which quasi-isomorphisms are inverted, it is convenient to introduce
a stepping stone towards this category, called the homotopy category of complexes. In this
category we Kkill the null homotopic maps. Recall that a map f: M — N is null homotopic if it
is chain homotopic to the zero map. We write Null(M, N) for the subgroup of Homcy,(g) (M, V)
consisting of the null homotopic maps.

The homotopy category K(R) is defined by having objects the chain complexes of R-modules,
and morphisms given by the homotopy classes of chain maps, i.e.,

Homg gy (M, N) = Homcy gy (M, N)/Null(M, N).

Equivalently, the morphisms are the chain maps up to the equivalence relation of chain homotopy
equivalence. The distinguished triangles in the homotopy category are the triangles which are
isomorphic in K(R) (i.e., chain homotopic) to those of the form

ML NSO M
for some map of chain complexes f: M — N.

Let us now prove that K(R) is a triangulated category. Due to the number of axioms, this is a
bit of a slog, but it is worthwhile seeing the details spelled out.

Theorem 2.7. Let R be a ring. The category K(R) with the triangles those which are isomorphic
in K(R) (i.e., chain homotopic) to those of the form

ML NSO S oM

for some map of chain complexes f: M — N 1is a triangulated category.
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Proof of (TR0). For (TRO) it suffices to prove that C'(15s) is null homotopic, in other words,
the identity map on M is null homotopic for all M. Recall that C(157), = My, & My41 with
differential (—d,d — 1). Define h,,: M, & Mp+1 — M,11 ® Mp42 by hp(z,y) = (—y,0). One
easily verifies that this defines a chain homotopy from the identity on the cone of the identity
to the zero map. Hence C(1,) is null homotopic. O

Proof of (TR1). This is immediate from the definition of the triangles in K(R). O

Proof of (TR2). Consider the triangle
ML NS oS e
We must show that the candidate triangle
NS o) S sy =L eN
is also a triangle. (The argument for rotating the other direction is analogous so we omit it.) So

we show that taking the cone of ¢ yields a triangle which is isomorphic to this candidate triangle.

Firstly we verify that C(i7) and ¥ M are isomorphic in K(R) (i.e., chain homotopy equivalent).
We will then show that this is compatible with the triangles. Recall that i: N — C(f) is defined
by n + (0,n). Therefore, C(i), = Np—1 ® C(f)n = Np—1 & My—1 & N,, with differential

—dy 0 0
<—d{v d 0 ) = 0 —dy 0
-t C(f) —idy —f dn

Firstly we define a map a: ¥M — C(i) by a(m) = (—f(m), m,0). To verify this is a chain map

we must show that

—d
Myt —————— Mp—2

—d 0 0
0 —d 0
-1 —f d
commutes. One calculates that
—d 0 0 —f df
0 —-d 0 1 | =1]-d
-1 —f d 0 0

and therefore the square commutes so that « is indeed a chain map. We also define a map
B: C(i) = XM by (n,m,n') — m (i.e., the matrix (0 1 0)) One easily verifies that this is a
chain map.

The composite fa is the identity since S(a(m)) = S(—f(m), m,0) = m. On the other hand,
afB(n,m,n’) = a(m) = (—f(m),m,0) so af is not the identity. However, let us show that it is
indeed chain homotopic to the identity. Define h;: C(i); — C(i);j41 by hj(n,m,n’) = (n’,0,0).
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One then calculates that dh + hd = a8 — 1 so that af is chain homotopic to the identity.
Therefore a: ¥M — C(i) is an isomorphism in K(R). Therefore it only remains to verify that
the diagram

N o) —<s v 2 wN

!
N —— C(f) — o C() — XN

commutes in K(R) since then the top row is isomorphic (as a candidate triangle) to the bottom
row which is a triangle. Hence it is by definition also a triangle as required.

The left hand square clearly commutes on the nose. The right most square also commutes on
the nose, since da(m) = /(= f(m), m,0) = — f(m). For the middle square, ac(m,n’) = a(m) =
(—f(m), m,0) whereas inc(m,n’) = (0,m,n’). Therefore the middle square does not commute
in the category of chain complexes, but we will show that it does commute in K(R). Since a3 is
the identity in K(R) (as proved above), it suffices to verify that § o inc = ¢ instead, which is
easy from the definitions. This completes the proof of (TR2). O

Proof of (TR3). By definition of the triangles, we may assume that we are given the following
solid diagram
f

M N o) Y sx
T
/ ! !
M — N —— Clg) — BX"

in which the first square commutes, and we must define the dotted map w. The first square
commuting, means that vf and gu are chain homotopic. Therefore, for each n there exists maps
hy: Np — M, such that gu — vf = dh + hd. Define a map w: C(f) — C(g) by the matrix

u 0
h v)]’
We need to check that this is indeed a chain map, and that it makes both squares commute in

the diagram. These are easy calculations which are left to the reader. O

Proof of (TR4). We may assume that the triangles are ‘standard’ ones, so we assume the
existence of a commuting diagram as follows, whose rows are triangles.

X oy YooY sx
1 u ia 1
uf Zuf e Cuf
X Z Cluf) —2 . vx
! 1 4 sf

Y — % 7 Ow) — s sy
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We must construct dotted maps so that the bottow row is also a triangle. By functoriality of
the mapping cone as proved in (TR3), we have maps a: C(f) — C(uf) and 8: C(uf) — C(u)
making the whole diagram commute. We define v: C(u) — £C(f) (note that this equates to
maps Y,_1® Z, — Xp—2®Y,—1) by (y, 2) — (0,y). This clearly makes the bottom right square
commute also.

Therefore it remains to verify that C(f) = C(uf) LN C(u) L BC(f) is a triangle. Define
w: C(a) = C(u) by w(z,y,2',2) = (y + f(2'),2), and define w: C(u) — C(a) by w(y,z) =
(0,9,0, z). Consider the diagrams

Cluf) —— C(u) Clu) —1 $C(f)
g b
C(uf) LI C(a) C(a) LN XC(f)

where f(z,z) = (fz,z) (as in the proof of (TR3)). One easily checks from the definitions that
both of these diagrams commute. Therefore it only remains to prove that w is a chain homotopy
equivalence. The composite ww is equal to the identity. For the other composite, define

o : C(a)n =X, 10Y, X, ® X1 — C(a>n+1 =X, ®Y11 0 Xpg1 © Xpgo

by hn(x,y,2',2) = (2/,0,0,0). We leave it to the reader to check that this defines a chain
homotopy showing that ww is homotopic to the identity. O

We end our discussion of the homotopy category of a ring, by proving it has a universal property.
There is a functor h: Ch(R) — K(R) defined to be the identity on objects, and to send a map f
to its equivalence class [f] under the relation of chain homotopy.

Proposition 2.8. Let F': Ch(R) — C be a functor which is homotopy invariant, i.e., if f >~ g
then F(f) = F(g). Then there exists a unique functor F': K(R) — C making the diagram

Ch(R) % e

commute.

Proof. Uniqueness is immediate from the fact that & is the identity on objects, and is full. For
existence, define F'(M) = F(M) on objects, and F([f]) = F(f) on maps. We note that this is
well-defined since F' is homotopy invariant by assumption. O

We’d next like to define a category in which the quasi-isomorphisms are inverted. Before we can
do this, we establish some more basic properties of general triangulated categories.

2.4. Basic properties of triangulated categories. A nice tool in triangulated categories
which we will use throughout this course, is a version of the 5 lemma which we will prove in
this section.

Definition 2.9. Let T be a pretriangulated category and A be an abelian category. An additive

functor H: T — A is homological if for any triangle X BRGNS 5'S , the induced sequence

H(g)

HX) XY m(y) H(Z)
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is exact. Such a functor which is contravariant is said to be cohomological.

The following lemma shows that one can also rephrase the definition of homological to be those
additive functors which turn triangles into long exact sequences.

Lemma 2.10. If H: T — A is a homological functor, then for any triangle X ERRVENY/AUN X,

applying H yields a long exact sequence
(" 'w)
e

s HE ) E HX) XY giyy 29 gz 29 gsx) - -
Proof. By (TR2),Y % Z hosix 2 5y s also a triangle, so
gy 29 gz U, gisx)
is exact. Repeating this procedure gives the claim. O

Lemma 2.11. Let T be a pretriangulated category, and A € T. The functor Homy(A,—): T —
Ab is homological, and the functor Homt(—, A): T°? — Ab is cohomological.

Proof. The second claim follows from the first by duality so we prove only the first. So suppose
that X LV % 72 vX isa triangle. We need to show that

Homt (A, X) ELN Homt(A,Y) %5 Homt (4, Z)

is exact where f,(0) = f o6 and similarly for g,. Since gf = 0, it is clear that the image of f is
contained in the kernel of g,. Conversely, suppose that g o § = 0 where : A — Y. We have a
diagram

A 0 A Ly 3A

0 | |0

YTZTZXW}EY

in which the left square commutes as g o § = 0. The bottom row is a triangle by (TR2), and the
top row is a triangle by (TRO) together with (TR2). Therefore, by (TR3) there exists a map
U: YA — ¥ X making the diagram commute. Applying X!, one obtains that § = f o 271,
Therefore 6 is in the image of f., which completes the proof. O

In order to prove that certain candidate triangles are in fact triangles, it is helpful to introduce
a certain subclass of homological functors, and a subclass of candidate triangles which interacts
well with these homological functors.

Definition 2.12. A homological functor H: T — A is decent if A satisfies (AB4*) (that is, A
has products and these products are exact), and H preserves products.

The relevant subclass of candidate triangles is then the following.

Definition 2.13. A candidate triangle X v 7k yXisa pretriangle if for every decent
homological functor H: T — A the induced sequence

H(Z"'h) H(f) (9) (h)

S H(ETZ) HX gy 19 gz 1

H(EX) = -

is exact.
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Note that every triangle is a pretriangle (Lemma 2.10) but the converse is not true.

Lemma 2.14. Let T be a pretriangulated category, and
f

X y 2,7 " . wx

[

X — Y —— 7 —— %X
f g h

be a morphism of pretriangles. If uw and v are isomorphisms, then so is w.

Proof. Let H: T — A be a decent homological functor. Applying H gives a commutative
diagram

H(f) H(g) H(R)

HX HY HZ HEX) 2D sy
lH(u) lH(v) lH(w) lH(Eu) lmzv)
HX —— s HY' 0z HEX) —— s H(ZY)
H(P) H(g) H) H(ES)

whose rows are exact since H is decent. All of the columns except for the middle are isomorphisms,
and therefore by the 5 lemma, H(w) is also an isomorphism. For all A € T, the functor
HomTt(A, —): T — Abis a decent homological functor by Lemma 2.11, and therefore Hom (A, w)
is an isomorphism for all A € T by the previous paragraph. As such, by the Yoneda lemma w is
an isomorphism as required. ]

Proposition 2.15 (The 5 lemma). Let T be a pretriangulated category, and
f

X y 2,7 " . wx

[

X —Y —— 7 —— 2X\.
f g h

be a morphism of triangles. If any two of u, v, and w are isomorphisms, then so is the third.

Proof. By applying (TR2) to rotate the triangles, it suffices to prove that w is an isomorphism
when v and v are both isomorphisms. This is then an immediate corollary of Lemma 2.14. O

Beyond proving the 5 lemma for triangles, the 5 lemma for pretriangles provides a neat way to
construct new triangles from old. Recall that by (TR2) we can always produce new triangles by
rotation (up to sign), and we will now see that (co)products of triangles (when the (co)products
exist termwise) also yield new triangles.

Lemma 2.16. Let T be a pretriangulated category. Suppose that X; —Y; = Z; = XX, is a
triangle for all i. If the products exist, then the induced diagram

[[xi—=]]vi—]]2Z2 - =]]X
s a triangle.
Proof. Firstly note that the above diagram makes sense since ¥ commutes with all limits as it

is an equivalence of categories. We next show that this diagram is a pretriangle, so fix a decent
homological functor H: T — A.
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For each i, there is a long exact sequence
= H(XTYZ) - HX;) - HY;) —» H(Z) —» HEX;) — - -
in A. Since products are exact in A as it is (AB4*),
o [[EHETZ) = [[HX) = [[HY) = [[H(Z) = [[HEX) — -

is also exact. Since H commutes with products, we conclude that [[X; — [[Y; — [[Zi —
Y]] X; is a pretriangle. Let us now show that it is infact a triangle.

By (TR1), we may extend the map [[ X; — [[Y; to a triangle
[[xi—]]vi—C—-2]]X

So by usual projection onto factors, we have for each ¢, a commutative diagram

[[Xi — 1Y ¢ I X
| | |
X Y; Z; v X;

so the dashed filler exists by (TR3). By universal property of the product, the maps C' — Z;
assemble to give map C' — [] Z;, thus giving a commutative diagram

[1X; [1Y: ¢ SIIX;
| | |
[1X; [1Y; 12 — X1 X;

Both rows are pretriangles, and therefore by Lemma 2.14 we see that € Z; — C' is an isomor-
phism. Therefore [T X; — [1Y; = [1 Z; — X[ X; is isomorphic to a triangle, and hence is itself
a triangle by (TRO). O

Remark 2.17. A dual argument shows that coproducts of triangles are again triangles.

Finally we have the following result, which is a standard trick for showing that a map in a
triangulated category is an isomorphism.

Proposition 2.18. Let 0: X — Y be a map in T. Then 0 is an isomorphism if and only if
there is a triangle X Sy 502X,

Proof. This is part of Exercise A.3. O

2.5. Functors and subcategories. We now turn to what the ‘correct’ notion of functors
between, and subcategories of, triangulated categories are.

Definition 2.19. Let T and U be triangulated categories. A triangulated functor is an additive
functor F': T — U together with a natural isomorphism ¢: F'Y =+ X F such that for any triangle

XLy 5% 25 vX in T, the candidate triangle

£(f) F(g) pxoF(h)

YFX

FX > FY FZz

is a triangle in U.
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Example 2.20. The shift functor X: T — T is a triangulated functor. The identity gives a
natural isomorphism ¥? = %2, and

-3f P

wx = sy 229 vy 22k 2y

is a triangle by three applications of (TR2). It is straightforward to see that this triangle is
isomorphic to the candidate triangle

g Xh

vx Zny 2 vz 22y

and hence the latter is also a triangle.

Definition 2.21. A full additive subcategory S of T is a triangulated subcategory if it is closed
under isomorphisms, shifts, and triangles.

2.6. Example: the derived category of a ring. Returning to our motivation then, we want
a category which contains all the resolutions of modules, and in which quasi-isomorphisms are
isomorphisms. Since injective resolutions and projective resolutions point in opposite directions,
we consider all chain complexes (i.e., rather than just those bounded above or below 0). The
derived category of a ring R is the universal category in which quasi-isomorphisms of complexes
are inverted. We denote this category by D(R) := K(R)[quasi isos™!]. We give a precise
construction of this below.

Remark 2.22. This construction of the derived category leads to some set-theoretic discussions,
namely, why are the hom sets actually sets? For the purposes of this course we ignore this, and
just remark that one can give alternative constructions bypassing this issue.

We can now make the definition of the derived category. We will verify that everything is
well-defined afterwards.

Definition 2.23. The objects of D(R) are the same as the objects of K(R), that is, they are
the chain complexes of R-modules. The morphisms in D(R) are equivalence classes of rooves,
defined as follows. Let M, N € D(R). A roof from M to N is a pair of chain maps

A
LN
M N

where Z € D(R) and s is a quasi-isomorphism. Two rooves (M < Z — N) and (M <+ Z' — N)
are equivalent if there exists another roof (M < W — N) and maps W — Z and W — Z’ such

that the diagram
Z
M %4 N
'\ | /

commutes. The hom sets of D(R) are rooves up to this equivalence relation. Composition of
rooves is defined below after Lemma 2.25.

Throughout this section we use the following trivial observation: if X i> Y —>Z7Z—->3¥Y¥Xisa
triangle in K(R), then f is a quasi-isomorphism if and only if Z is acyclic (i.e., H.(Z) = 0). To
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see this, recall that f is a quasi-isomorphism if and only if the mapping cone C(f) is acyclic.
Since any triangle in K(R) is isomorphic to one in which the third term is the mapping cone,
the observation follows.

Lemma 2.24 (Cancellation). For maps f,g: X — Y in K(R), the following are equivalent:

(1) sf = sg for some quasi-isomorphism s with source Y;
(2) ft = gt for some quasi-isomorphism t with codomain X .

Proof. Given a quasi-isomorphism s: Y — Y’ with sf = sg, we have a triangle Z LA SN
Y' — XZ by (TR1) (and (TR2)). The functor Homgg) (X, —) is a homological functor by
Lemma 2.11, so

ks Sx
HOIHK(R) (X, Z) — HOH]K(R) (X, Y) — HOIHK(R) (X, Y)

is exact. Since s(f —g) = 0, that is, f — g € ker(s,), there is a map h: X — Z such that

f — g = kh. Consider the triangle X’ 5 X b 7 - $X' which exists by (TR1). As ht = 0,
we have (f — g)t = kht = 0, and hence ft = gt as required. So it remains to see that ¢ is a
quasi-isomorphism. Since s is a quasi-isomorphism, Z is acyclic by its defining triangle, and
hence t is also a quasi-isomorphism. The other direction is analogous. ]

Lemma 2.25 (The Ore Condition). Given a quasi-isomorphism s: Y’ —Y and a map f: X —
Y in K(R), there exists a commutative diagram in K(R)

x Ly

sl =

XﬁY

in which s’ is also a quasi-isomorphism.

Proof. By (TR1) there is a triangle Y/ 5 Y % Z — SY’. By (TR1) together with (TR2) there

is also a triangle X’ Sox Mg nx. By (TR3), there is a map f’: X’ — Y’ such that the
diagram

x 2 x g nX!
! lf Jid \=f
Y — Y 4~ 7 D¢
commutes. Since s is a quasi-isomorphism, Z is acyclic, and hence s’ is also a quasi-isomorphism.

O

Lemma 2.26. The relation on rooves defined above is an equivalence relation.
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Proof. Reflexivity and symmetry are clear, so it suffices to prove transitivity. Suppose that we
have rooves Ry ~ Rs and Ro ~ R3. Spelling this out, we have two commutative diagrams

L/ijXM and L/ier
N A N

with sp, tq, tr and uv all quasi-isomorphisms.

By the Ore Condition (Lemma 2.25), we have a commutative diagram
R——U

d

W —— L
in which z is a quasi-isomorphism.

Note that tqz = spz = tra, and hence by Lemma 2.24 there is a quasi-isomorphism 6: H — R
such that ¢z6 = rafl. Now consider the diagram

The left hand square commutes since
spzl = tqz0 = traf = vuald
and the right hand square commutes as
fpz0 = gqz0 = graf = hva.
Finally, note that spzf is a quasi-isomorphism since sp, z, and 6 are. Hence R; ~ R3 as

required. ]

Using the previous lemma we may now define composition in D(R). Given two rooves (L <

z 1 M) and (M « Z' % N), their composite gf is the roof (L < P — N) defined via the
diagram

p Ly 9. N

A

L‘?ZT’M

where the existence of the commutative diagram is provided by the Ore condition (Lemma 2.25).

By tedious diagram chasing (left to the interested reader), one may check that the composition
operation defined above is well-defined, i.e., unique up to equivalence of rooves, associative, and
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that the roof X + X — X with all maps the identity, is the identity map on X. This shows
that D(R) is a category, but we want to now show that it is infact a triangulated category. First
we need to deal with the additive structure. In order to do this, we note a convenient way to
compare rooves.

Lemma 2.27. Let R; = (X < Z; — Y;) be a finite collection of rooves. Then there ezists a
quasi-isomorphism Z — X such that each R; is equivalent to the roof (X « Z —Y;).

Proof. In the case when we have two rooves, the Ore condition (Lemma 2.25) says that we have
a commutative diagram

Z*>ZQ
|
ZlTX

in which ¢ is a quasi-isomorphism. It is straightforward to see that the roof X < Z — Y; where
Z — X is the composite s1t does the trick. The case with more rooves follows by induction. [

Proposition 2.28. The derived category D(R) is additive.

Proof. Let us just give a sketch of how to define a group operation on the set of rooves from
X to Y up to equivalence. Given rooves (X + Z; — Y) and (X < Zy — Y') we may replace

them up to equivalence by rooves (X « Z ELN Y)and (X « Z ELN Y) as in Lemma 2.27. The

addition of these rooves is now defined by (X + Z EIRELN Y'). We leave to the reader that this

indeed defines an additive structure. OJ

We are now almost ready to prove that D(R) is a triangulated category. The missing ingredient
is the following functor and a couple of its properties. We define Q: K(R) — D(R) as the
functor which is the identity on objects, and which takes a morphism f: X — Y to the roof

x=x35Lv.

Lemma 2.29. The functor Q: K(R) — D(R) sends quasi-isomorphisms to isomorphisms.

Proof. Let f: X — Y be a quasi-isomorphism. We claim that R = (f,idx): Y + X = X is
an inverse to Q(f). It is easy to check that R o Q(f) = idx. Now one checks that Q(f) o R =
(f,f):Y < X — Y. The diagram

X
2N
Y Y
Y

shows that the roof Q(f) o R is equivalent to idy, and hence Q(f) is an isomorphism as
claimed. g

Lemma 2.30. Let f,g: M — N in K(R). Then Q(f) = Q(g) if and only if there exists a quasi-
isomorphism t with codomain M such that ft = gt, if and only if there exists a quasi-isomorphism
s with domain N such that sf = sg.
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Proof. If Q(f) = Q(g), then there is a roof M < Z — N and maps p,q: Z — M such that the

diagram
M
2N
M +—~— Z N
Nl A
M

commutes. Commutativity of the left square shows that p = ¢ and that p is a quasi-isomorphism.
Therefore we have a quasi-isomorphism p: Z — M such that fp = gp. Therefore by the
cancellation property (Lemma 2.24) there is a quasi-isomorphism s with domain M such that
sf = sg. The converse is analogous. O

Theorem 2.31. Let R be a ring. Then the derived category D(R) in which the distinguished
triangles are the triangles which are isomorphic in D(R) to those of the form

ML NSO S s

for some map of chain complexes f: M — N, is a triangulated category. In other words, the
triangles are those which are isomorphic to the images of triangles under Q).

Define a shift functor on objects as in K(R) and on rooves by shifting each leg of the roof. Let
us now go through each of the axioms in turn.

Proof of (TR0). This is immediate since (TRO) holds in K(R). O

Proof of (TR1). Let f: X — Y in D(R). Choose a presentation (s,a): X < Z =Y of f as a
roof. By the Ore condition (Exercise A.5), we obtain a commutative square

7 —*5Y

| Ik
XT>U

in which ¢ is also a quasi-isomorphism. Using (TR1) and (TR3) in K(R), we have a commutative
diagram

Z Y s (Ca) 2> %Z

JS J{t J{u JES

X—b>UT>C(b)T>ZX

in which the rows are distinguished triangles in K(R). Taking the long exact sequence in
homology proves that u is a quasi-isomorphism since both s and ¢ are. We now apply @Q to this
diagram, and may consider the diagram

7 Q(a) % Q(ia) Cl(a) Q(ca) VA

lcz(s) lid JQ@) Jm(s)

X f Y Q(ipot) 20 Q(ep) xX
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in D(R). The left hand square commutes since (s, a) is a presentation of f, and the other squares
commute as they are the images of commuting squares under (). Each of the vertical maps is
an isomorphism since s and u are quasi-isomorphisms, and hence we have shown that f fits into
a triangle which is isomorphic to a standard one, and hence is distinguished. O

Proof of (TR2). Rotation of triangles is immediate from rotation in K(R). O

Proof of (TR3). The existence of fillers is not impacted by isomorphic triangles, so we may
assume that we are given a diagram

Q(h)

X Y A XX
lu lv i lEu
X’ ! Zv’ X

Y
QU Q9" Q(R")
in which the left square commutes, the rows are distinguished triangles, and we need to construct
a dashed map making the diagram commute. We may write the vertical maps as rooves, to give
the diagram

Xty 9,7 _h . vx

ST tT EUT

A B S A

l“ lb lza

X — Y — 7 — 55X’
f g h

in K(R). By the Ore condition (Lemma 2.25), we have a commutative square

ALy

qJ T

A —— B
in which ' is a quasi-isomorphism.
It is easy to see that the rooves (s,a): X + A — X' and (st’,at’): X + A’ — X' are equivalent
so we may replace the left hand column in the diagram and consider the new diagram

x .y

g0

A — B

o

X' — Y’
The top square commutes by definition of ¢ and #’, but the bottom square need not commute in
K(R). However, let us show that it commutes after applying Q). Since ) sends quasi-isomorphisms
to isomorphisms by Lemma 2.29 we have

Q(f) 0 Qa) o Q") = Q(f') 0 Q(a) 0 Q(s) ™ 0 Q(s) 0 Q).
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Since vQ(f) = Q(f")u this is in turn equal to
QD) o Q) o Q(f)oQ(s) 0 Q(t) = Q1) 0 Q)" 0 Q(t) 0 Q(e) = QD) © Q(c).
Therefore by Lemma 2.30, there exists a quasi-isomorphism w: A” — A’ such that fat'w = bcw.

We may now again replace the left hand column in the diagram and apply (TR1) in K(R) to
obtain the diagram

x 1 9,z _h vy

] -]

Y TN : S BNo N RN )

| [

X' A X'
fl g/ hl

in which the left square is commutative in K(R). Therefore, by (TR3) in K(R), there are fillers
as indicated in the diagram below:

~+

(=

~

x 1 9,z _h vy

Y

stw’]\ T Lo EuT
RTINS EN R B
atw’l l i B lEa

X —Y — 7 —— ¥X'

f g h

The only thing that remains is to check « is a quasi-isomorphism, so that (o, 3): Z + C — Z'
does represent a map in D(R). Just as in the proof of (TR2), taking the long exact sequence in
homology shows that « is a quasi-isomorphism since stw and ¢ are both quasi-isomorphisms. [J

~

o

Proof of (TR4). We omit this for brevity. O

Lemma 2.32. Consider a roof (s, f): M < Z — N. Prove that (s, f) is an isomorphism in
D(R) if and only if f is a quasi-isomorphism, in which case (s, f)~' = (f,s).

Proof. This is Exercise A.6. (Il

We may now say the precise way in which this construction inverts isomorphisms.

Theorem 2.33. The functor Q: K(R) — D(R) is triangulated and has the property that Q(s)
is an isomorphism if s is a quasi-isomorphism. Moreover, given any functor F: K(R) — T
such that F(s) is an isomorphism if s is a quasi-isomorphism, there exists a unique functor
F': D(R) — T such that F'oQ = F. Moreover, if F is triangulated, then F' is also triangulated.

Proof. The functor @ is triangulated by definition, and sends quasi-isomorphisms to isomor-
phisms by Lemma 2.29. For the universal property, we first prove uniqueness, so suppose
that there exists such an F’. Since @ is the identity on objects, the value of F’ on objects is
determined by F. For maps, consider a roof (s, f) in D(R). Then

(s.f) = (id, f) o (s,id) = (id, f) o (id,s) ™" = Q(f) 0 Q(s) ™"

where we used Lemma 2.32 for the second equality. Therefore F'(s, f) = F'(Q(f))oF'(Q(s)™!) =
F(f) o F(s)~!, so the value of I’ on maps is also determined by F.
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We now show existence. Define F'(M) = F(M), and F'(s, f) = F(s)™! o F(f) where we used
the assumption that F' sends quasi-isomorphisms to isomorphisms to deduce the existence of
F(s)~!. This is functorial since F is. (Technically we need to check that F’(s, f) is invariant
under equivalence of rooves; we omit this.)

We finally show that F’ is triangulated if F is. Firstly, note that (FX)" = F'Y: by uniqueness it
suffices to verify that F'Y¥: D(R) — T sends quasi-isomorphisms to isomorphisms, and satisfies
F'YXQ = F¥, both of which are clear. Similarly, (XF)" = XF’. Therefore, XF’ = F'Y, so that
F’ behaves well with the shift. So suppose that

L9 6 99, v sy

is a triangle in D(R); recall that by definition, all triangles in D(R) take this form. We need to
check that the image under F’ is a triangle in T. However, the image under T may be identified
with

FL L pv 2 PN IS PR = SFL
since F'(Q = F. This is a triangle in T since F is assumed to be triangulated, and hence F” is
also triangulated. OJ

Remark 2.34. Everything above can be vastly generalized to the case of a triangulated
category T and a set S of morphisms in T which is closed under composition, and satisfies
cancellation and the Ore condition. In other words, after we had verified that T = K(R) and
S = {quasi-isomorphisms} satisfied cancellation and the Ore condition, we never used that we
were working with complexes again.

The previous universal property makes precise the statement that the derived category is
the universal home for homological algebra: any operation on complexes which inverts quasi-
isomorphisms factors uniquely through the derived category. One can also combine this with
Proposition 2.8 to construct functors on derived categories. We will use this later on when we
discuss tensor-triangulated categories.

Lemma 2.35. If0 — L i> M % N — 0 is a short ezact sequence of R-modules, then there is

a map h: N — XL such that L i> ML NSLisa triangle in D(R), where L, M and N are
viewed as complezes in degree 0.

Proof. The complex C(f) = (L N ) in degrees 1 and 0 by definition. The diagram

L= v
ol L"
00— N

commutes by exactness, and hence the vertical maps define a chain map ¢: C(f) — N. This
chain map is a quasi-isomorphism: H;(C(f)) = ker(—f) = 0 by exactness, and again by
exactness, we have Ho(C(f)) = M/ker(g) which is isomorphic by g to N. Hence ¢ is a
quasi-isomorphism.



22 DUALITIES IN TRIANGULATED CATEGORIES

Therefore we may define a map h: N — XL in D(R) by co ¢! where c¢: C(f) — XL is the
canonical map. The diagram

Lt M o) —< 3L
I
L 7 M —— N . YL
commutes by construction, and hence the bottom row is a triangle in D(R). O

Remark 2.36. The same argument may be generalised to prove that short exact sequences of
complexes (rather than just of modules) give triangles in the derived category.

2.7. Calculating maps in the derived category. We end with some fundamental results
about the maps in the derived category. Before we do so we introduce truncation functors; these
allow inductive arguments by gluing together complexes one piece at a time. There are two
forms of truncations: the so-called smart and brutal truncations.

Definition 2.37 (Brutal truncation). For a complex M € D(R) and integer n, the brutal
truncation above n is (t>,M); = M; if i > n and 0 otherwise. Similarly, we define (t<,M); = M;
if « <n and 0 otherwise. There is a short exact sequence 0 = t<,M — M — t>p41M — 0 of
complexes, and hence a triangle t<, M — M — t>p41 M — Xt<, M in D(R). Note that this
does not behave well with respect to homology, for example, the canonical map t<,M — M
does not induce an isomorphism in homology in degree n.

Definition 2.38 (Smart truncation). To rectify the poor behaviour of the brutal truncation
with respect to homology, it is convenient to consider an alternative form of truncation called
the smart truncation. Fix a complex M and an integer M. We define complexes 1<, M and
T>n M as follows:

M; i>n+1
(T>nM); = S ker(dy: M, — M,_1) i=n
0 otherwise
M; 1<n-—1
(T<nM); =  coker(dpi1: Myy1 — M,) i=n
0 otherwise

There are canonical maps 7>, M — M and M — 7<, M which induce isomorphisms on homology
in degrees > n and < n respectively. There is a triangle

Tan - M = Tgn_lM — ETZnM
in D(R). This last claim needs justification. Consider the complex @ defined by
M, /ker(d,) i=n
Qi = M; 1 <n-—1
0 otherwise

The obvious map ¢: @) — 7<,—1M is a quasi-isomorphism. Then there is an evident short exact
sequence of complexes 0 — 7>, M — M — ) — 0 which gives rise to a triangle

TonM = M = Q% SrepM
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in D(R) by Lemma 2.35. We may then define a map 7<,—1 M — 37>, M by 0¢~L. The diagram
Y1 M

M Q
|k |
M

Tgn—lM W ETZnM

To>nM

To>nM

commutes, and the top row is triangle; hence the bottom row is also a triangle as required. Note
that 7>,7<p M ~ H, M|n], so that a special case of the above triangle is H, M [n| — 1<, M —
Tgn_lM.

With truncations introduced, we may proceed with calculating maps in the derived category.

Lemma 2.39. Let I be a bounded above complex of injective R-modules, and X be a bounded
above complex. If X is acyclic, then any map f: X — I is null homotopic.

Proof. Left as an exercise (Exercise A.9). O

Lemma 2.40. Let I be a bounded above complex of injective R-modules, and X be a bounded
above complex. If s: I — X is a quasi-isomorphism, then there is a chain map t: X — I such
that ts = id in K(R).

Proof. Consider the triangle I 2 X NVoi (s) S XI. Since s is a quasi-isomorphism, the mapping
cone C(s) is acyclic, and hence by Lemma 2.39 the map c¢: C(s) — X1 is null homotopic. Since
¢ is null homotopic we have maps hy,: C(s), — (XI),+1, which we may write as matrices
(an bn> where ap: In—1 — I, and by: X, — I,. Since c is null, we have ¢ = dyrh + hdg(y)-
Writing this out in matrices, we have

. _ —d 0\
(i 0)=(-da —db)+(a b) < ) d) = (bs—da—ad bd—db).
The second component says that bd = db so that b: X — I is a chain map. The first component
says that bs — id = da + ad and hence bs is chain homotopic to the identity as required. O

Proposition 2.41. The localisation functor Q: K(R) — D(R) induces an isomorphism on hom
groups
HOIIIK(R) (M, I) — HOH]D(R) (M, I)

for all M € K(R) whenever I is a bounded above complex of injective R-modules.

Proof. For injectivity, if Q(f) = Q(g) then there is a quasi-isomorphism s: I — X such that
sf = sg by Lemma 2.30. However, by Lemma 2.40, there exists a map t: X — I such that
ts = idx in K(R). (Here note that we may assume that X is bounded above; it has to be
bounded above in homology as I is, so write sup(X) for the highest integer for which the
homology is non-zero. Then the canonical map X — 7<g,px)X is a quasi-isomorphism, so we
may replace X with 7g,5(x).) Therefore f =tsf =tsg = g so the map is injective.

For surjectivity, take any roof (here we use Exercise A.7)

X
M I
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By Lemma 2.40 there exists a quasi-isomorphism ¢: X — I such that ts = id (as before we may
assume that X is bounded above). Therefore the diagram

X
V X
M t I

PR

I

shows that our starting roof is equivalent to Q(¢f). Hence the map is surjective as required. [

Lemma 2.42. Let M be an R-module and I be a bounded above complex of injectives. Then

ker (HomR(M, ) Y% Homp(M, Ii_1)>

Homp ) (XM, I) =

im (HomR(M, Livr) 20 Homp (M, Ii))

Proof. By Proposition 2.41 we have HomD(R)(ZiM, I = HomK(R)(ZiM, I). The latter of these
consists of homotopy classes of chain maps

0 M 0
[
c— Iip I; Iy

dit1 d;
A morphism of R-modules f: M — I; gives such a chain map if and only if the composite

M i) I; ii—) I;_1 is zero. Therefore
Homy, (5 M, T) = ker (HomR(M, 1) % Homp(M, Ii_1)> .

Now this chain map is null homotopic if and only if there exists a map h: M — I;;; such
that f = di11h. Therefore the subgroup of Homcy, R)(EiM ,I) consisting of null homotopic
maps is the image of (djt1)«: Homg(M, I;+1) — Hompg (M, I;). This completes the proof of the
claim. 0

Proposition 2.43. Let M and N be R-modules viewed as complezes in degree 0. Then
Ext’ (M, N) = Hompg) (M, S'N).

Proof. Let I be an injective resolution of N. Then
HomD(R)(M’ EZ‘N) = HomD(R)(Eiin I) as N~ 1T

ker (HomR(M, 1) % Homp (M, I_i_1)>

= @) by Lemma 2.42
im (HomR(M, I_i) —22% Homp(M, I_Z-)>

= H_;Homp(M,I) by definition of H_;
= Exthh(M, N) by definition of Ext

as required. ]
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Finally, note that there is a dual version of Proposition 2.41, replacing bounded above complexes
of injectives in the second variable with bounded below complexes of projectives in the first
variable. Using this we may obtain the following reinterpretation of homology.

Proposition 2.44. Let R be a ring and M be a complex of R-modules. Then
H;(M) = Homp gy (X'R, M).

Proof. By the dual of Proposition 2.41, we have HomD(R)(EiR, M) = HomK(R)(ZiR, M). A
direct calculation of this analogous to Lemma 2.42 then yields the claim. O

3. FINITENESS IN TRIANGULATED CATEGORIES

In this section we introduce and study various notions of what it means for an object of a
triangulated category to be small or finite. These are fundamental notions, and much of the
theory of triangulated categories is dependent on these ideas.

3.1. Compact objects. In this section we study certain types of ‘small’ objects in triangulated
categories. It is often the case that the whole triangulated category is generated by small objects,
and much of the theory of triangulated categories relies upon such assumptions.

Definition 3.1. Let T be a triangulated category which has coproducts. An object X € T is
said to be compact if the natural map

P Homr(X,Y;) — Homt(X,PY;)

is an equivalence for every set of objects {Y;}. We write T¢ (or T¢) for the full subcategory of T
consisting of the compact objects.

Before we can give some examples of compact objects, and criteria for detecting them, we must
introduce some terminology.

Definition 3.2. Let T be a triangulated category which has coproducts.
(1) A full subcategory S of T is thick if it is closed under retracts and is triangulated.
(2) A full subcategory S of T is localizing if it is thick, and closed under coproducts.

Given a set of objects X' of T, we write Thick(X) (resp., Loc(X)) for the smallest thick (resp.,
localizing) subcategory of T containing X'. Note that these are well defined since the intersection
of thick/localizing subcategories is again thick/localizing.

Example 3.3. Let X € T. The full subcategory {Y € T | Homt(X!X,Y) ~ 0 for all i € Z} is
thick. It is localizing if X is compact.

Definition 3.4. Let X be a set of objects of T. We say that X generates T if Loc(X) =T. If
each element of X is compact, then we say that X compactly generates T.

If T is compactly generated, then we can characterise the compact objects in terms of building
operations.

Proposition 3.5. Let T be a triangulated category which is compactly generated by a set G.
Then T¢ = Thick(G).
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Proof. The implication that X € T¢ implies that X € Thick(G) requires some work so we omit
it. For the converse, consider the set

{YeT| @HOYHT(Y, Z;) = HomT(Y, @ Z;) for all sets {Z;}}.

This is a thick subcategory of T, and contains G. Hence it contains Thick(G) since this is the
smallest thick subcategory of T containing G. O

Example 3.6. For a ring R, the compact objects in D(R) are the perfect complexes; that
is, those complexes which are quasi-isomorphic to a bounded complex of finitely generated
projectives. We will give a proof of this below in Example 3.14.

3.2. Brown representability and consequences. Brown Representability is a remarkably
powerful result in triangulated categories. The initial statement was in stable homotopy theory
where it concerns cohomology theories being represented by objects called spectra, but since
then various versions have been proved in general triangulated categories. It has many striking
consequences, such as providing criteria to determine existence of adjoints, a way to check
compact generation, and a way to construct ‘designer’ objects. We will not give the proof of
Brown Representability here, but we will prove a special case as Theorem 3.21.

Recall that a functor H: T — Ab is homological if it sends triangles to long exact sequences.

Example 3.7. Let X be an object of T. Then Homt (X, —) is homological and Homt(—, X) is
cohomological by Lemma 2.11.

Theorem 3.8 (Brown Representability). Let T be a compactly generated triangulated category.
If H: T°? — Ab is a cohomological functor which takes coproducts in T to products in Ab, then
H is representable, i.e., it is isomorphic to Homt(—, X) for some X € T.

Recall that compactly generated triangulated categories are assumed to have coproducts by
definition. The first consequence of Brown representability which we give is that in fact they
also have products.

Proposition 3.9. If T is a compactly generated triangulated category, then T has products.

Proof. Let {X;} be a set of objects in T and consider the functor H: T°? — Ab defined by
H = [][; Homt(—, X;). This is cohomological and sends coproducts in T to products. Hence
there exists an object Z € T such that Homy(—, Z) = [[, Homt(—, X;). It is an exercise to
verify that Z has the universal property of the product of the X;. ]

In light of the previous proposition, we may now state a dual version of Brown representability.

Theorem 3.10 (Brown Representability for the dual). Let T be a compactly generated triangu-
lated category. If H: T — Ab is a homological functor which takes products in T to products in
Ab, then H is corepresentable, i.e., it is isomorphic to Homt (Y, —) for someY € T.

Remark 3.11. It is important to note that despite the appearance and the terminology, the
dual form of Brown representability is not a formal consequence of the former. Indeed, the
opposite of a compactly generated triangulated category need not be compactly generated, and
moreover, the existence of compact objects in the opposite category is extremely rare.

The next consequence is a powerful adjoint functor theorem.
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Theorem 3.12. Let F': T — U be a triangulated functor, and suppose that T is compactly
generated.

(1) If F is coproduct preserving then F has a right adjoint.
(2) If F is product preserving then F' has a left adjoint.

Proof. We prove (1); the proof of (2) is similar. Since F is triangulated and coproduct preserving,
the functor Homy(F(—),Y) is cohomological and takes coproducts to products. Hence by
Theorem 3.8, there exists an object G(Y') € T such that Homy(F(—),Y) = Homt(—, G(Y)).
Given a map Y — Y, one obtains a map G(Y) — G(Y') via the Yoneda lemma, namely, we
have
Homt(—,G(Y)) = Homy(F(-),Y) — Homy(F(-),Y’) = Homt(—, G(Y"))

which by the Yoneda lemma must come from a map G(Y) — G(Y”’). One checks that this makes
G into a functor which is right adjoint to F. O

Finally we give a consequence which allows one to check when a given set of compact objects is
in fact a set of generators.

Proposition 3.13. Let T be a triangulated category with coproducts, and S be a set of compact
objects of T. Then the following are equivalent:

(1) S generates T;
(2) if Homt(3'S, X) =0 for all S € S and i € Z, then X ~ 0.

Proof. For the implication (1) = (2), suppose that S generates T, and that HomT(3%S, X) = 0
for all S € S and 7 € Z. Consider the set

X ={Y €T |Hom(X,X) =0 for all i € Z}.

This is a localizing subcategory of T, and contains S by assumption. Hence T = Loc(S) C X,
i.e., Homt(Z, X) ~ 0 for all Z € T, and so by Yoneda we have X ~ 0.

For the converse, consider the localizing subcategory Loc(S) of T. Since S consists of compact
objects, the inclusion i: Loc(S) < T has a right adjoint I' by Theorem 3.12. The counit of the
adjunction gives a natural map I'’X — X which we may complete to a triangle

I'X - X-—->Y

by axiom (TR1). We will show that ¥ ~ 0, so that ' X ~ X by Proposition 2.18, and hence
X € Loc(S). If we apply Homt(S,—) to the triangle I'X — X — Y we get a long exact
sequence

-+ = Hom7(S,TX) = Homt(S, X) — HomT(S,Y) — Homy(X 'S, TX) = Homy (218, X) — -

where the isomorphisms hold by the adjunction ¢ 4 I'. Therefore Homt(S,Y’) ~ 0, and by the
same argument shifted, we have Homt(X!S,Y") ~ 0 for all i. Therefore Y ~ 0 by assumption as
required. ]

Example 3.14 (D(R)¢ = Perf(R)). Let us show that the compact objects in D(R) are exactly
the perfect complexes. To do this, recall from Proposition 3.5 that D(R)¢ = Thick(R). Recall
that HomD(R)(EiR, —) = H;(—) by Proposition 2.44. From this one checks that R is compact,
and moreover R can be seen to be a generator using this together with Proposition 3.13. Since
Perf(R) is thick (Exercise A.15) and contains R, we must have Thick(R) C Perf(R) as Thick(R)
is the smallest thick subcategory containing R. So it suffices to show that any perfect complex
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P is in Thick(R). Since Thick(R) is closed under isomorphisms by definition, we may assume
that P be a bounded complex of finitely generated projectives
P=(-—0—>P,—-P1—-—FP—->0—--).

We argue by induction on a —b. When a — b = 0, the complex P is infact a finitely generated
projective module concentrated in a single degree. Since P is finitely generated we have a
surjection f: R™ — P and therefore a short exact sequence 0 — ker(f) — R™ — P — 0. Since
any short exact sequence ending in a projective splits, we see that P is a summand of R” and
hence is in Thick(R). Suppose that the claim is true for a — b=k — 1, and now fix a — b = k.
There is a triangle
Py[b] — tsp P — t>p P

by taking the brutal truncation, see Definition 2.37. By inductive hypothesis t>411 P is in
Thick(R), and we have already seen that P,[b] is also in Thick(R). Hence P is in Thick(R),
which completes the proof.

3.3. Homotopy colimits. In this section we introduce some technical results which give
constructions of objects in terms of smaller building blocks. In an ordinary category, one thinks
of colimits as a way of constructing new objects from smaller pieces. However, in general
triangulated categories do not admit true colimits, so the universal properties one encounters in
this setting are weaker than the usual universal properties of colimits.

Before we give the key definition, let us give some motivation. Suppose we have a system of

abelian groups and group homomorphisms Ag Jo, Ay EiN Ay — ---. The map
J

Jj—1 ]
DAL P a
i=0 i=0
which on the nth component is given by
J
An atallal, An ® Ant1 B @Ai
i=0
gives rise to an exact sequence

Jj—1 J
1—
0> Pa~—LPa—4,—o
i=0 i=0
Taking the direct limit of this (and since direct limits are exact in abelian groups), we obtain an
exact sequence

(3.15) 0 @Pa 5 Pa; - limA; -0,

We may mimic this exact sequence in a triangulated category to define the homotopy colimit.

Definition 3.16. Let T be a triangulated category with coproducts, and let X f—0> X1 f—1>
X9 — -+ be a system of maps in T. The homotopy colimit of this system, denoted hocolim.Xj,

is the cone of the map
®x = D

which on the nth component is given by

Xn *—H_)(m’_fn(w)) Xn ® Xng1 e, EBXi.
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Lemma 3.17. Let T be a triangulated category with coproducts, and let Xg f—0> X ﬁ) Xy — -
be a system of maps in T. Let Y € T, and suppose that there exists maps gn: X, — Y such
that gn = gn+1fn for all n. Then there exists a map §: hocolimX; — Y such that g = gq where
q s the induced map q: @ X; — hocolimX;.

Proof. By universal property of the coproduct, we obtain a map g: € X; — Y by assembling the
gi- Note that g(1 — f) = 0 since on the nth component we have g(1 — f)(z) = g(zpn, — fu(zn)) =
n(@n) — gn+1fn(zn) = 0. So consider the diagram

DX, L @ X, — hocolimX; —— XD X;
| Js |

0 Y P Y 0.

The top row is a triangle by definition of the homotopy colimit, and the bottom row is a triangle
by (TRO). The left hand square commutes since g(1 — f) = 0, so by (TR3) there exists a map
g: hocolimX; — Y making the diagram commute. O

Lemma 3.18. Let T be a triangulated category with coproducts. Let C be a compact object and
let X f—0> X1 L> Xo — -+ be a system in T. Then the canonical map
ligHomT(C, X;) — Homv(C, hocolim X;)

s an isomorphism.

Proof. By definition of the homotopy colimit and since Hom(C, —) is a homological functor by
Lemma 2.11 we obtain a long exact sequence,

-+« — Homt(C, P X;) — Homt(C, P X;) — Hom(C, hocolimX;) — Homr (C,H TX;) — - -

By shifting the exact sequence (3.15), and comparing with the long exact sequence above, we
have a commutative diagram

0 —— @ Homr(C, X;) —— @Homt(C,X;) — lim Homr(C, X;) —— 0
- —— Homt(C, @ X;) —— Homrt(C,P X;) —— Homrt(C, hocolimX;) —— ---

The first two columns are isomorphisms since C' is compact, and so we see that the map
Hom+(C, @ X;) — Homt(C, @ X;) is injective. Similarly, we may apply the same argument to
Y X; to deduce that Homt(C, @ ¥ X;) — Hom7(C, P XX;) is also injective. Therefore the long
exact sequence collapses into short exact sequences. We then have a commutative diagram

0 —— @ Homy(C, X;) —— G Homy(C, X;) ——— h_rn)HomT(C’, X)) ——0
0 —— Homt(C,@ X;) —— Homt(C,@ X;) —— Homt(C, hocolimX;) —— 0

in which the first two columns are isomorphisms as C' is compact. The result then follows. [

Corollary 3.19. Let T be a compactly generated triangulated category. Let X f—0> X, f—1>
X9 — -+ be a system in T, and let Y € T such that there exists maps gn,: X, — Y with
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In = gn+1fn for all n. If the canonical map
lingomT(C, X;) — Homt(C,Y)

s an isomorphism for all C' € T, then Y ~ hocolimX;.

Proof. By Lemma 3.17 we obtain a map §: hocolimX; — Y. Since T is compactly generated,
to prove this is an isomorphism it suffices to check that the induced map

Homt(C, hocolimX;) — Hom(C,Y)

is an isomorphism for all C' € T¢. This is immediate from Lemma 3.18. U

Before we can prove some consequences of this definition, we need the following construction.
The following construction is the key behind the proof of the Brown representability theorem.
Although we won’t use it to prove the full version of Brown representability stated in the
previous section, Theorem 3.21 can be interpreted as a special case.

Construction 3.20. Let T be a triangulated category with coproducts, and suppose that
K = {K;} is a set of compact objects in T. Let X € T be arbitrary. We will build a tower whose
homotopy colimit defines a colocalization functor, and hence a localization functor (we haven’t
introduced this language yet, but we will recast this construction in that terminology later on
in the course). Let Xy = X and

A= P P 2

Zex'K Z—X
where the question mark indicates that this ranges across all possible shifts. There is a map
Ay — X by universal property of the coproduct, and we write X; for the cofibre of this map.
Iterating the same procedure, we set
A= B D7

ZEE?IC Z—X;
and a triangle A; — X; — X;11. Write F; for the fibre of the map X — X;.

Therefore we have triangles F; - X — X; and A; — X; — X;1 for each i¢. Note that the map
X — X4 factors as X — X; — X;y1. Therefore by applying the octahedral axiom to the
triangles X — X; — XF;, X; — X;4+1 — XA;, and X — X;41 — XF;11 we obtain a triangle
YF;, — XF; 1 — X A;. Pictorially, this is

X X; YF; X
1 % 1
X X SFy — BX
1 ;
X; Xit1 E;lz ¥ X;
ll
YF; - > NFjyq - > BA; - > N2F;
Shifting we therefore have a system of maps --- — F; — F;11 — ---. We define 'k X to be the

homotopy colimit of the system of F;’s. Note that by applying Lemma 3.17, we have a map
T'eX — X.
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Theorem 3.21. With notation as in Construction 3.20, we have I'x X € Loc(K), and the
induced map Homt(Z,T'xX) — Homt(Z,X) is an isomorphism for all Z € Loc(K). In
particular, Tx X — X is an isomorphism if X € Loc(K).

Proof. For the first claim it suffices to show that each F; € Loc(K) by definition of the homotopy
colimit. We do this by induction. The base case is clear as Fy ~ 0, so suppose F; € Loc(K).
By construction, there is a triangle F; — F;11 — A; and A; is a coproduct of suspensions of
elements of K. Therefore Fj; € Loc(K) as required.

For the second claim, by a localizing subcategory argument it suffices to prove it when Z € IC.

Let us first deal with surjectivity. For any ¢ > 0, the map Homt(Z, X) — Homt(Z, X;) is zero
by construction: any such Z embeds into A;_1 and hence by the triangle 4; 1 — X;_1 — X;
the map is zero. Therefore the map Homy(Z, F;) — Homt(Z, X) is surjective by the exact
sequence associated to the triangle F; — X — X; by Lemma 2.11. From the commutative
diagram

Homv(Z, F;) — Hom+t(Z, X)

| /

Homt(Z,T'X)

it follows that Homt(Z,I'X) — Homt(Z, X) is surjective. (Recall that if gf is surjective, then
g is surjective.)

To complete the proof of the second claim, we need to verify that the map is injective. So suppose
that f: Z — I'X is such that Z — I'’X — X is zero. Now f € HomT(Z,I'X) = hﬂHomT(Z,Fi)
by Lemma 3.18, and so there exists an f;: Z — F; such that f factors as

z Ly F S TX.
Consider the commutative diagram

Hom(Z, F;)

| \

Hom(Z,T'X) —5 Hom(Z, X).

By definition a(f;) = f, and by construction 3(f) = 0. Therefore f; is in the kernel of the
map Homv(Z, F;) — Homt(Z, X). By exactness of the sequence associated to the triangle
F;, — X — Xi,

ker(Homt(Z, F;) — Homt(Z, X)) = im(Hom7(X7'Z, X;) — Homt(Z, F})).
Therefore there exists a map h: Z — Y71 X; such that the composite Z — X' X; — Fj is f;.
By definition of A; and the triangle

S74; 5 F S B,

the map h factors through ¢ and hence gf; = 0. Finally write g for the map F;11 — I'X. We
then have

f=(gog)ofi=gol(gofi)=0

so that the map is injective as required. This completes the proof of the second claim.



32 DUALITIES IN TRIANGULATED CATEGORIES

For the final claim, if X € Loc(K), then as Hom7(Z,T'xX) — Homt(Z, X) is an isomorphism
for all Z € Loc(K) we see that ' X — X is an isomorphism by the Yoneda lemma. O

Remark 3.22. An extended version of the argument used in the proof of the previous theorem
can be used to give a proof of Brown representability (Theorem 3.8).

We obtain the following interesting consequence of this construction which gives a characterisation
of the localizing subcategory generated by a set of compact objects.

Corollary 3.23. Let T be a triangulated category with coproducts. Suppose that IC is a set of
compact objects in T. Then the following are equivalent for an arbitrary object X € T:

(1) X is the homotopy colimit of a sequence
OZFo—)F1—>F2—>'-'

such that the cofibre of F; — Fiy1 for each i is a coproduct of suspensions of elements
of K;
(2) X € Loc(K).

Proof. The implication (1) = (2) holds similarly to Theorem 3.21. For (2) = (1), we use
Construction 3.20. By Theorem 3.21, T'x X — X is an isomorphism as X € Loc(K). As I'r X is
a homotopy colimit of the required form, this completes the proof. O

We will use this construction extensively later on, since it provides a recipe for constructing
objects with convenient properties from small building blocks.

4. TENSOR-TRIANGULATED CATEGORIES AND FINITENESS

Triangulated categories abound, but often there is extra structure floating around which it
is useful to remember; we consider when the triangulated category is also equipped with a
closed symmetric monoidal structure which is suitably compatible with the triangulation. Such
considerations have exploded into the field of tensor-triangular geometry whose starting point
was the observation that a scheme X cannot be recovered from the structure of D(QCoh(X)) as
a triangulated category alone, but it can be recovered once the tensor product is remembered.

Recall that a symmetric monoidal structure on a category € is the data of a bifunctor
—R—:CxC—=0C
called the tensor product (or monoidal product) together with an unit object 1 € € satisfying:

e unitality: T® X ~ X for all X € C;
e associativity: (X ®Y)®Z~X® (Y ® Z) for all X,Y,Z € C;
e symmetry: X @Y ~Y ® X for all X,Y € C;

all satisfying various coherences that we won’t make precise here. Such a monoidal structure is
moreover called closed, if there is a bifunctor Hom(—, —): C°? x € — C called the internal hom
such that — ® X is left adjoint to Hom(X, —). Again, this is all subject to various coherences
that we will not make explicit. Note that Hom(1, X) ~ X for all X € C.

Definition 4.1. A tensor-triangulated category T is a triangulated category which also has
a closed symmetric monoidal structure, such that the tensor product and internal hom are
triangulated functors in both variables.
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4.1. Example: the derived category. Let R be a commutative ring. Recall the tensor
product of chain complexes of R-modules is given by

(M ®g N)p @ M; @r N;
i+j=n
with differential d(m ® n) = (dm ® n) + (—1)I"!(m ® dn). However, this cannot be a tensor
product on the derived category since it is not invariant under quasi-isomorphism as the following
example shows.

Example 4.2. Let R = Z/4 and define P = (--- — Z/4 % 7/4 2 7,/4 — -..). There is a
quasi-isomorphism P = 0. However, this is not preserved by the functor Z/2 ® /4 —- Indeed
Z/2 ®z,4 P is the complex

=725 72%7/2 -
and hence has homology Z/2 in each degree.

So we now explain how to give a construction of a tensor product which is invariant under
quasi-isomorphism, thus making the derived category into a tensor-triangulated category.

In a similar vein, it is important to note that if P is a complex of projective R-modules, it does
not preserve quasi-isomorphisms. For example, consider R = Z/4 and the complex

P=5Z/A37/457/4—- .

The quasi-isomorphism P = 0 is not preserved by Homy, /4(P, —). As such, we need to introduce
refined notions of projective and injective objects in order to construct functors between derived
categories. So as to not get bogged down in homological algebra which is unrelated to the
triangulated structure, we will omit many of the proofs of the following claims.

Definition 4.3. A complex P of R-modules is dg-projective if any of the following equivalent
conditions hold:

(i) Homp (P, —) preserves surjective quasi-isomorphisms;
(ii) Homp (P, —) is exact and preserves quasi-isomorphisms;
(iii) P is a complex of projective R-modules and Hompg(P, —) preserves acyclic complexes.
(iv) for any chain map f: P — N and any surjective quasi-isomorphism ¢g: M — N, there
exists a chain map a: P — M so that ga = f.

The following gives the appropriate notion of a projective resolution in this context.

Theorem 4.4. For any complex of R-modules M, there exists a dg-projective complex P together
with a surjective quasi-isomorphism P = M.

In a similar way, we have the following for injectives instead.

Definition 4.5. A complex I of R-modules is dg-injective if any of the following equivalent
conditions hold:

(i) Homp(—, I) sends injective quasi-isomorphisms to surjective quasi-isomorphisms;
(ii) Homp(—, I) is exact and preserves quasi-isomorphisms;
(iii) I is a complex of injective R-modules and Hompg(—, I') preserves acyclic complexes.
(iv) for any chain map f: M — I and any injective quasi-isomorphism g: M — N, there
exists a chain map a: N — [ so that ag = f.
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Theorem 4.6. For any complex of R-modules M, there exists a dg-injective complex I together
with an injective quasi-isomorphism M — I.

There is also the case for flat objects.

Definition 4.7. A complex F' of R-modules is dg-flat if any of the following equivalent conditions
hold:

(i) F ®p — sends injective quasi-isomorphisms to surjective quasi-isomorphisms;
(ii) F ®@p — is exact and preserves quasi-isomorphisms;
(iii) F' is a complex of flat R-modules and F' ® p — preserves acyclic complexes.

Theorem 4.8. For any complex of R-modules M, there exists a dg-flat complex F' together
with a quasi-isomorphism F = M.

Construction 4.9. Using the above, we can construct dg-projective and dg-injective resolutions
functors P: K(R) — K(R) and I: K(R) — K(R) as follows. We explain the version for dg-
projective resolutions; the dg-injective case is analogous. Given any M € K(R), set P(M)
to be the dg-projective complex with surjective quasi-isomorphism P(M) — M as given by
Theorem 4.4. We note that this is unique up to homotopy equivalence: by Definition 4.3(iv),
any two dg-projective resolutions of M are quasi-isomorphic, and just as in the classical case,
quasi-isomorphisms between dg-projectives are in fact homotopy equivalences. Given a map
f: M — N in K(R), we define P(f) to be the map given by Definition 4.3(iv) applied to the
diagram

Note that P sends quasi-isomorphisms to isomorphisms since quasi-isomorphisms between
dg-projectives are homotopy equivalences. One can moreover prove that this is a triangulated
functor.

With all these preliminaries set up, we can now discuss derived tensor products and derived
homs. These are in fact special case of something more general: (total) derived functors.

Proposition 4.10. Let F': K(R) — K(S) be a functor. There exists functors LF: D(R) — D(5)
and REF: D(R) — D(S) called the total left (resp. right) derived functors of F. If F is
triangulated, then so are LF and RF'.

Proof. Consider the functor Q o F o P: K(R) — D(S). This sends quasi-isomorphisms to
isomorphisms since P does, and hence by Theorem 2.33 there exists a unique functor LF': D(R) —
D(S) so that LFF o @ = @ o F o P. Moreover, if F' is triangulated, then so is the composite
Q o F o P and hence so is LF. The existence of RG is analogous by instead considering the
functor Q o F o I: K(R) — D(S). O

Henceforth we assume that R is a commutative ring. One can make some of the following
statements for non-commutative rings if one worries about left vs right module structures, but
we will focus only on the commutative case.
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Construction 4.11. Let M be a complex. The functor M ® —: Ch(R) — Ch(R) is homotopy
invariant so by Proposition 2.8 there exists a functor M ® —: K(R) — K(R). The total left
derived functor of this (in the sense of Proposition 4.10) is the derived tensor product functor
M ®% —: D(R) — D(R).

The following result is fundamental and we will use it throughout. Recall that the tensor product
of complexes is given by (M ®r N)n = @, j=n, Mi @r Nj.

Proposition 4.12. The derived tensor product M ®IR — constructed in Construction 4.11 may
be computed using a dg-flat replacement F of M, i.e., M ®|R — = F ®pgr —, and is independent
of the choice of such a replacement.

Proof. Suppose that F' is a dg-flat replacement of M, and write G: D(R) — D(R) for the
induced functor making the diagram

K(R) 2255 K(9)

Qx| s

D(R) —= D(5)

commute. Since M ®IR — satisfies a uniqueness property, it suffices to check that the diagram

K(R) 25 K(S)

| Jos

D(R) ——— D(S)

commutes.
By Definition 4.3(iv), there exists a quasi-isomorphism P (M) % F. For any X € Ch(R), we

claim that ¢ ® g X: P(M) ®r X — F ®r X is a quasi-isomorphism. Indeed, take a dg-flat
replacement 1: F(X) — X and consider the commutative diagram

P(M) & F(X) 200 ) o X
¢®RF<X)l y@Rx
FQRgry

F®pr F(X) F®prpX.

The left vertical and both horizontals are quasi-isomorphisms since tensoring with a semi-flat
complex preserves quasi-isomorphisms. Therefore the right most vertical is also a quasi-
isomorphism as claimed. Since () sends quasi-isomorphisms to isomorphisms, we see that
Qs(P(M)®pr —) = Qs(F ®r —), and hence by uniqueness, G = M ®IR —. d

In a similar way we construct the derived hom functor. Recall that the internal hom functor for
complexes is given by Hompg(M, N), = [[;ez(Mi, Nitn)-

Construction 4.13. Let M be a complex. The functor Homp(M,—): Ch(R) — Ch(R) is
homotopy invariant, and therefore by Proposition 4.10, there exists a triangulated functor
RHompg(M,—): D(R) — D(R), the total right derived functor of Hompg(M, —). Note therefore
that RHomp (M, —)(N) = Hompg(M, I(N)).

We can also do this on the other side.
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Construction 4.14. Let N be a complex. Associated to Hompg(—, N) is a triangulated functor
RHompg(—, N): D(R)°® — D(R); more precisely, as in Proposition 4.10 but now with op’s, we
consider the functor @) o Hompg(—, N) o P°P: K(R)°® — D(R). Note that RHompg(—, N)(M) =
Hompg(P(M), N).

Proposition 4.15. Let M, N € D(R). Let P be a dg-projective replacement of M, and I be a
dg-injective replacement of N. Then Hompg (P, N) and Hompg(M,I) are quasi-isomorphic. As
such, there is no ambiguity in the definition of RHompg(—, —): it can be computed by resolving
either factor.

Proof. We have quasi-isomorphisms Hompg(P, N) — Hompg(P, I) and Homg(M, I) — Hompg (P, I)
by definition of dg-projective and dg-injective. O

With all these preliminaries we may prove that D(R) (for R commutative) is a tensor-triangulated
category.

Proposition 4.16. Let R be a commutative ring. Then D(R) is a tensor-triangulated category.

Proof. We skip over most of the technical coherence details one should check in the definition
of a symmetric monoidal category. We have a functor — ®IR — by Construction 4.11 which
equips D(R) with a symmetric monoidal structure. We see that M ®% — is left adjoint to
RHompg (M, —), since we may take a semi-projective replacement P of M, and compute both
using this. It is standard that P @ — is left adjoint to Hompg(P, —) at the level of chain
complexes, and the claim follows from this. Finally both the derived tensor and derived hom
functors are triangulated in both variables by construction. ([l

4.2. Rigid objects. When T does not (necessarily) have a tensor product, we saw that
compactness is a measure of smallness. When T is tensor-triangulated, there are various other
notions of smallness in play. Under reasonable assumptions these notions are closely related as
we will see below.

Recall that the counit of the tensor-hom adjunction is the evaluation map ev: X @ F(X,Y) - Y
and the unit is the coevaluation map coev: ¥ — F(X, X ® Y).
Definition 4.17. Suppose that T is a tensor-triangulated category with coproducts.

(1) An object X € T is said to be rigid if the natural map
VXy': F(X,]l) RY — F(X,Y)

is an equivalence for all Y € T. To spell it out, the natural map is the composite
FX,1)2Y <% F(X, X @ F(X,1) @ V) 25,
(2) An object X € T is said to be F-compact if the natural map

Prxy) - FX.QV)

is an equivalence for every set {Y;}.

F(X,Y).

In order to study the properties of rigid objects it is helpful to consider an alternative definition
(which we will show is in fact equivalent).
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Definition 4.18. Let T be a tensor-triangulated category, and X &€ T. The object X is
dualizable if and only if there exists a map n: 1 — X ® DX such that the diagram

1 "4 X®DX

14
COG\‘ l X, X

F(X,X)

commutes.

We write D: T°? — T for the functor D = F(—,1). This is called the functional dual (or
sometimes Spanier-Whitehead dual), as justified by the following results which shows that it
gives an equivalence on the full subcategory of dualizable objects.

Firstly, note that there is a natural map p: X — D?X given by the composite

X 9% (DX, X @ DX) 22X, p(px, 1)

for all X € T. Many of the proofs of the following statements follow by tedious diagram chases,

so we provide only an outline of the proofs.

Lemma 4.19. Let T be a tensor-triangulated category and X € T. If X is dualizable then DX
1s dualizable.

Proof. We define a map 1 — DX ® D?X via the composite

12 X o DX 2225 p2x o DX,

It remains to check that the required diagram commutes. That is, we want to check that the
outer square in the diagram

1 ! X®DX
—
coev VX, X
L
coev F(X, X) pRDX
(e /
/
F(DX,DX) D?X @ DX
VDX,DX

commutes, where « is defined to be the composite

F(X, X) 22 p(x, D2X) ~ F(X @ DX,1) ~ F(DX, DX).

The top triangle commutes since X is dualizable, so it suffices to prove that the other subdiagrams
commute. This can be checked by unravelling the definitions of a and p; we leave this as a
(tedious) exercise for the reader. O

Lemma 4.20. Let T be a tensor-triangulated category, and suppose that X € T is dualizable.
Then the natural map p: X — D?X is an equivalence.

Proof. We claim that the composite

2
DX ~ 1@ D2X 122X, x o DX @ D?x X8, x

is an inverse to p. This can be checked by diagram chasing. 0
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Proposition 4.21. Let T be a tensor-triangulated category, and X € T. Then X is rigid if
and only if it is dualizable.

Proof. The forward direction is clear since we may take n = z/;(lx o coev. For the reverse
direction, we claim that the composite

(X, Y)®n
—

FIX,Y)~F(X,Y)o1 = ev@DX

F(X,Y)® X ® DX 222X,y ¢ DX

is an inverse to vxy. Again, one may verify this by diagram chasing. O

Using Lemma 4.19 and Lemma 4.20, we therefore see that rigid objects are closed under D,
and that D is a duality on rigid objects. One other important property of rigid objects is the
following.

Lemma 4.22. Let T be a tensor-triangulated category, and suppose that X € T s rigid. Then
X is a retract of X @ DX ® X.

Proof. Recall that X ® — is left adjoint to F(X,—) ~ DX ® — as X is rigid. By the triangle
identity (on the unit 1), the diagram

X 2, X@oDX®X
T~
X
commutes, which is exactly the claim that X is a retract of X @ DX ® X. O

Is it natural to ask how the different notions of ‘smallness’ in Definition 3.1 and Definition 4.17
are related. The following answers this.

Proposition 4.23. Let T be a tensor-triangulated category, and suppose that T has a set of
rigid generators G.

(1) For X € T we have
X € Thick(G) = X is rigid <= X is F'-compact.
(2) If the elements of G are compact, then for X € T we have
X is compact <= X € Thick(G) = X is rigid <= X is F-compact.

(3) If the elements of G are compact, and the unit 1 of T is compact, then for X € T we
have

X is compact <= X € Thick(G) <= X is rigid <= X is F-compact.

Proof. For (1), firstly note that the set of rigid objects in T is thick (Exercise A.19). By assump-
tion it contains G, so we have Thick(G) C {rigid objects}, which proves the first implication.
That rigid objects are F-compact is an immediate consequence of the definitions. For the
remaining implication, suppose X is F-compact, and consider the set

L={YeT|DX®Y S F(X,Y)}.

The set L is localizing as X is F-compact, and contains G by Exercise A.20. Therefore L =T,
and hence X is rigid.
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For (2), it suffices to prove that X is compact if and only if X € Thick(G), which was the
content of Proposition 3.5. We leave (3) as an exercise. U

Definition 4.24. When T satisfies the assumptions of Proposition 4.23(3) (that is, T has a set
of rigid and compact generators and the unit is compact), we say that T is a rigidly-compactly
generated tensor-triangulated category.

Example 4.25. Let R be a commutative ring. Then the derived category D(R) is a rigidly-
compactly generated tensor-triangulated category. To see this, note that D(R) is generated
by R by Proposition 2.44 and Proposition 3.13, and that R is both compact and rigid. So
this follows from Proposition 4.23(3). More generally, suppose that T is a tensor-triangulated
category which is compactly generated by the tensor unit 1. Then T is a rigidly-compactly
generated tensor-triangulated category.

Finally, it is convenient to introduce terminology for the appropriate analogues of thick and
localizing subcategories in the tensor-triangular setting.

Definition 4.26. Let T be a tensor-triangulated category. A thick/localizing subcategory S is
a ®-ideal if for all X € Sand Y € T we have X ® Y € S. We write Thick®(—) and Loc®(—)
for the smallest thick and localizing ®-ideal generated by a set of objects.

5. LOCAL COHOMOLOGY IN ALGEBRA

5.1. Matlis duality. We will state Matlis duality which is a fundamental result in commutative
algebra. In order to state Matlis duality, we need to recall some definitions and facts regarding
injective modules, and completions. We will simply state the key facts, and not give proofs
since the course is dedicated to triangulated categories rather than commutative algebra. One
may find proofs in most of the standard algebra textbooks.

Fix a commutative ring R. Recall that an R-module F is injective if Hompg(—, E) is an exact
functor, or equivalently, if for any injective map f: M — N of R-modules and any map
g: M — FE there exists a map h: N — F so that g = hf.

For any R-module M, there exists an R-module E(M) satisfying the following properties:

(1) E(M) is an injective R-module;
(2) M C E(M) and for any non-zero submodule N of E(M), we have N N M # 0.

Equivalently, E(M) is the minimal injective containing M, so that if M C I C E(M) for some
injective I, then I = E(M). Such an E(M) is called the injective hull of M. Note that the
injective hull also depends on the ring, so sometimes it is necessary to write Er(—) for clarity.

Let I be an ideal in R, and let M be an R-module. There are inclusions I™ C I"~! for all n,
and therefore surjections p,,: M/I"M — M/I" M. Taking the limit of this system (in the
category of R-modules) defines the I-adic completion of the module M:

M} = lim, M/T"M.

In other words, an element of M} is a sequence (my,) with m,, € M/I"M such that p,(m,) =
myp—1. Here it is important to warn the reader that I-adic completion has poor homological
behaviour, for example, it is not an exact functor. However, it is exact when restricted to finitely
generated modules by the Artin-Rees lemma.
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Recall that limits in the category of rings are created by the forgetful functor, and therefore
R} is itself a ring. It comes equipped with a canonical map R — R}, and if this map is an
isomorphism we say that R is [-adically complete.

Definition 5.1. Let (R, m, k) be a local Noetherian ring. Define a functor (—)": Mod(R)°P? —
Mod(R) by the assignment M = Hompg(M, E(k)). This is called the Matlis dual.

Theorem 5.2 (Matlis duality). The assignment (=) yields a bijection from Artinian R-modules
to finitely generated Ry -modules with inverse N +— Hompa (N, E(k)).

5.2. Derived functors. We will give a brief recap on the left and right derived functors of
additive functors. We give the definitions in terms of general abelian categories, but we will
only need the case of module categories, so the reader may focus on that case if they wish.

Definition 5.3. Let A and B be abelian categories, and suppose that A has enough projectives.
Given an additive functor F': A — B, its left derived functors L;F: A — B are defined by

LiF(M) = H;i(F(P))

where P is a projective resolution of M. Dually, if A has enough injectives, its right derived
functors R'F are defined by R'F(M) = H_;(F(I)) where I is an injective resolution of M.

Remark 5.4. Note that our homological grading convention forces the minus sign in the
definition of R'F since the injective resolution is concentrated in non-positive degrees.

Example 5.5. For a fixed R-module M, we have the right exact functor M ®p — whose left
derived functors are Torl*(M ® —). Similarly, we have the left exact functor Hompg (M, —)
whose right derived functors are Exty(M, —). Equivalently, Ext’ (M, N) may be computed as
L;(Hompg(—, N))(M).

Left and right derived functors satisfy the following properties:

Proposition 5.6. Let F': A — B be an additive functor, and suppose that A has enough
projectives or injectives accordingly.

(1) If F is left exact, then ROF = F. If F is right exact, then LoF = F.
(2) Given a short exact sequence 0 — L — M — N — 0, there are long exact sequences

0— (R'F)(L) — (R°F)(M) — (R"F)(N) — (R*'F)(L) — (R'F)(M) — - --
and
= (LF) (M) = (L F)(N) = (LoF)(L) = (LoF)(M) — (LoF)(N) — 0
in derived functors.
Left and right derived functors also satisfy a universal property which characterises them up to

some properties. We only state the version for right derived functors; the version for left derived
functors is dual. In order to state the universal property, we need to recall a definition.

Definition 5.7. Let A and B be abelian category. A cohomological §-functor is a collection
of functors G™: A — B for each n > 0, such that for any short exact sequence 0 — L — M —
N — 0 there exists a connecting map 6: G"(N) — G"T1(L) satisfying the following conditions:

(1) there is a long exact sequence

ci = G"HN) = GM(L) - GY(M) = G(N) — G""HL) — - -
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(2) ¢ is natural, so that given a map of short exact sequences the obvious square involving §
commutes.

Note that for example that right derived functors assemble into a cohomological -functor. A
map of cohomological §-functors is a collection of natural transformations 8": G™ — H™ which
are compatible with the connecting maps.

We can now state the universal property of right derived functors.

Proposition 5.8. Let A and B be abelian categories and suppose that A has enough injectives.
Let F': A — B be an additive functor, and let G: A — B be a cohomological §-functor. If there
exists a natural map 6°: RO(F) — G°, then there is a unique extension of 6° to a map of

cohomological 6-functors {0"}. Moreover, if 6° is an isomorphism and G™(E) = 0 for all n > 0
and injective E, then each 0" is an isomorphism.

5.3. Local cohomology. We fix a commutative ring R and an ideal I of R. Recall that for a
positive integer n, I™ denotes the ideal generated by all n-fold products of elements of 1.
Definition 5.9. The I-power torsion functor Tr: Mod(R) — Mod(R) is defined by

TiM ={x € M | I"z =0 for some n > 0}.

There is a canonical inclusion TtM < M for each R-module M, and if this map is an
isomorphism, we say that M is I-power torsion.

Note that this means that for each ¢ € I, there exists some n such that :"z = 0, rather than
each x being annihilated by a power of some i.

Let us record some key properties of the I-power torsion functor in the following lemma/exercise.

Lemma 5.10. Let R be a commutative ring and I an ideal of R.
(1) If f: M — N is a map of R-modules, then f(TiM) C TN and hence Tt is a functor
Mod(R) — Mod(R).
(2) The functor Ty is left exact.

(8) In general Ty is not exact.
(4) If I and J are ideals such that VI=+J then Ty = T}.

Proof. This is left as Exercise A.28. g

Definition 5.11. Let M be an R-module. The ith local cohomology module of M is defined by
Hj(M) = (R'Tr)(M)

where R? denotes the ith right derived functor. More explicitly, H:(M) = H_;(T;(E)) where E
is an injective resolution of M.

It is worth noting a couple of immediate properties which are clear from the definition and the
properties of right derived functors:

e The local cohomology depends on the ideal I only up to radical; that is, if VI = /J,
then Hf(—) = Hj(—).

e Since 77 is left exact, we have HY(M) = T; M.

e Each element of H}(M) is annihilated by a power of I.
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e Given a short exact sequence 0 — L — M — N — 0 there is a long exact sequence
0— TyL — TyM — TyN — H} (L) — H} (M) — H}(N) — H}(L) — - --
in local cohomology.

Example 5.12. Let’s calculate the local cohomology groups H (*p) (Z). An injective resolution
of Z is given by the complex £ = (Q — Q/Z). Therefore T(,,)E = (0 — T, (Q/Z) = Z/p™).
The latter follows since one may identify Q/Z = @, Z/p>°. Therefore,

H{,(Z)=0 and H,)(Z)=Z/p™.

Remark 5.13. We remark that in the previous example, the local cohomology H}(R) was
concentrated in the degree dim(R), and moreover, is the injective hull of the residue field R/m.
This is not a coincidence - indeed, a commutative Noetherian local ring (R, m) is Gorenstein
if and only if H}(R) is concentrated in degree dim(R) where it is the injective hull of the
residue field. There is also a similar characterisation of Cohen-Macaulay rings: a commutative
Noetherian local ring (R, m) is Cohen-Macaulay if and only if H}(R) is concentrated in a single
degree.

Let us now assume that R is Noetherian. Therefore the ideal I is finitely generated, so we may
write [ = (z1,- - ,zp).

Definition 5.14. The stable Koszul compler Ko (I) is defined by

n

Koo(D) = QR — R[1/a,))

i=1

where the complex R — R[1/z] is in degrees 0 and -1.

Remark 5.15. We first must justify why the previous definition is independent of the choice of
a set of generators. To see this, firstly note that if o € I, then the canonical map Koo (I, o) —

K (I) is a quasi-isomorphism (see Exercise A.30). So if y and z are sequences of elements that
both generate I, then we have quasi-isomorphisms

Kooly) <= Koo(y,2) = Keo(2)
as required. Moreover, since K. () ~ K. (2") for any i, we see that the stable Koszul complex

is independent of the ideal up to radical, i.e., if vI = v/.J then Ko (I) = Koo (J).

Using the stable Koszul complex, we may give an alternative characterization of local cohomology
which is often easier to use in practice.

Theorem 5.16. Let R be a commutative Noetherian ring and I be an ideal. Let M be an
R-module. There is a natural isomorphism

Hj(M) = H_j(Koo(I) @r M)
for all i.
Proof. Recall the universal property of right derived functors from Proposition 5.8. Since
H_;(Kx(I) ®p —) is a cohomological d-functor, it suffices to prove:

(1) Ho(Koo(I) @ M) = TrM for all R-modules M;
(2) H_i(Koo(I) ®r E) =0 for all i > 0 and E injective.
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For the first of these, by definition

Ho(Koo(I) ®p M) = Hy (0 NS VIER P Mm/z] — - ) = ker(f).
i=1
Recall that in S™'R, we have ¢/r = z/y if and only if s(qy — rz) = 0 for some s € S. An
element is in the kernel of f if and only if m/1 = 0 in each localization. By definition, m/1 =0
in M[1/x;] if and only if Jm = 0 for some j. As such we see that ker(f) =Ty M.

For the second, we will only prove the case when I is generated by a single element. (One can
then argue by induction to obtain the general case, but this is quite complicated, so we omit it
here.) So suppose that I = (z). Then as R is Noetherian, by considering the chain of ideals

ker(-z) C ker(-z?) C ker(-z3) C - --

there exists some a such that 2%t = 0 implies 2% = 0 for all » € R. Therefore the map
R — (z) ® R/(z*) defined by r — (xr,[r]) is injective. Indeed, if xr = 0 and [r] = 0 in R/(z%),
then r € (%) so r = 2% for some s € R. Now 0 = zr = 2%"!s implies that r = 2% = 0 by
above as required.

Since E is an injective module, any map f: R — E extends to a map (gf, hf): (z)®R/(x)* = E
for which f(1) = gs(x) +hs(1). Again since E is injective and we have an injection (z) — R, the
map gy: (z) — E extends to a map gj: R — E such that g(z) = g}(z) = zg}(1). Therefore
f(1) = zg}(1) + hs(1), and note that hy(1) is (x)-torsion.

Now, any e € E defines a map f.: R — E via f.(1) = e. Let us write g. for gy, and similarly
for h. Therefore for any e € E we have e = g, (1) 4 he(1), where g((1) € E and he(1) € T(y)E.

Note that we are trying to prove that H_;(E — E[l1/z]) = coker(E — E[1/z]) = 0, or in
other words, that £ — E[1/x] is surjective. So we take e/z™ € E[1/x] and need to show
that e/2™ = €’/1 for some ¢’ € E. Since e = xg.(1) + t for some torsion element ¢, there is a
number n for which 2"e = 2"*1g.(1). Therefore e/z™ = xg.(1)/2™. Iterating this procedure,
e/z™ = z"™e [x™ = €' /1 for some €’ € E, so E — E[1/z] is surjective as required. O

From the previous theorem, one immediately sees that if I can be generated up to radical
by n elements, then H}(M ) = 0 for all i > n and all M, since the stable Koszul complex is
concentrated in degrees —n to 0.

At this point we can give the classical algebraic statement and proof of Grothendieck local
duality which we will vastly generalize in the remainder of the course. Recall that a local

Noetherian ring (R, m, k) is Gorenstein if gam® (R) = E(k) and H(R) = 0 otherwise.

Theorem 5.17 (Grothendieck local duality). Let (R, m, k) be a local Gorenstein ring. Then
Exth(M, R)) = Ha™ ™~ (M)Y

for all R-modules M.

Proof. We write d = dim(R) for brevity. By Theorem 5.16, Hi~'(M) = H;_4(Koo(m) @ M).

Since R is Gorenstein, $¢K ., (m) is a flat resolution of H4(R) = E(k); it is quasi-isomorphic to

HZ(R) by Theorem 5.16, and is a complex of flat modules by definition. The shift is just to

ensure that the stable Koszul complex lives in the correct degrees (between d and 0, rather than
between 0 and —d) so that it is indeed a flat resolution. Therefore

Hi_g(Koo(m) ®@p M) = Hy(X Ko (m) @ M) = TorF (M, E(k)).
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Applying the Matlis dual and Exercise A.27, we have
Hy '(M)Y = Tor{'(M, E(k))" = ExtRp(M, E(k)") = Ext(M, Ry)

as required. ]

There is also the following dual form of Grothendieck local duality.

Corollary 5.18. Let (R, m, k) be a local Gorenstein ring. Then
Exth(M, R)Y = HamF= ()

for all finitely generated R-modules M.

Proof. This is Exercise A.32. g

Remark 5.19. Taken together, these two forms of Grothendieck local duality say that over
complete local rings, Hﬁlm(R)ﬂ(M ) and Ext%(M, R) are Matlis dual for finitely generated

modules.

6. A UNIVERSAL PROPERTY FOR LOCAL COHOMOLOGY

In this section we revisit the construction of local cohomology from a more abstract point of
view, and see it as some sort of universal operation. This universality will allow us to reframe
local cohomology in a purely triangulated category setting in the next section.

6.1. Building and local cohomology. Let R be a commutative ring, and I = (z1, -, )
be a finitely generated ideal. One frequently encounters the quotient ring R/I when doing
commutative algebra, but from the perspective of triangulated categories, this isn’t well behaved
since it is rarely compact. However, one may replace R/I by a compact object up to the ambient
structure of the triangulated category, as we will make precise with the next result. We say
that X builds Y if Y € Loc(X).

Definition 6.1. Let R be a commutative ring and I = (z1,--- ,z,) be a finitely generated
ideal. The unstable Koszul complex K(I) is defined by
n
K(I)=Q)(R > R)
i=1
where the complex R -5 R is in degrees 0 and —1. Note that by definition, this is a compact
object in D(R).

For an element x € R, we note that we have a map K (2') — K (2'™!) for all i, represented by
the commutative diagram

i
AN

[y

R
|

T
8

Therefore we have a tower --- — K(2¢) — K(2'™!) — ... and we may take the homotopy
colimit of this.

Lemma 6.2. Let x € R. Then hocolim(K (z°)) ~ K ().
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Proof. By Corollary 3.19 it suffices to show that we have compatible maps K (z%) — K (z) for
all ¢, so that the induced map

lig Homp ) (%7 R, K (2")) — Homp() (X7 R, Koo ()

is an isomorphism for all j. The existence of compatible maps is clear from the commutative
diagram

R—=* R

R —— R[1/x].
Recall from Proposition 2.44 that Hompgy (2R, —) = H;(—), so it suffices to treat the cases
j=0and j = —1. For j = —1, H 1(K(2")) = R/2* and H_1(Ko(z)) = R[1/z]/R = R/x°.
Therefore we see that the claim holds for j = —1. For j = 0, Ho(K (z%)) = {m | 2'm = 0}
and Ho(Koo(z)) = {m | 2m = 0 for some i}. As such we see that tho(K(wl)) = Hy(K(z))

which completes the proof of the claim. ]
Theorem 6.3. Let R be a commutative ring and I = (x1,--- ,xy,) be a finitely generated ideal.
Then

Loc(R/I) = Loc(K(I)) = Loc(Kx(1)).

Proof. We will prove that (1) R/I builds K(I), (2) K(I) builds K (I), and (3) K (I) builds
R/I. Note that this suffices since it implies that

Loc(R/I) C Loc(K (1)) € Loc(K (1)) € Loc(R/1).
(1) For each i € Z there is a triangle
Hl(K(I)) — TSZK(I) — TgiflK(I)

by Definition 2.38. We now claim that the homology groups of K(I) are modules
over R/I. To see this, note that multiplication by x is null homotopic as a map
K(x) — K(z). As such, for any z € I, x: K(I) — K () is null homotopic. Therefore z
acts as 0 in homology, and as such the homology groups of K(I) are all R/I-modules.
Therefore H;(K (1)) may be built from R/I in D(R/I). The restriction of scalars functor
D(R/I) — D(R) is triangulated and preserves coproducts, and hence R/I also builds
H;(K(I)) in D(R). Now we argue by induction that 7<; K (I) is built from R/I, for each
—n <4 < 0. We start with ¢ = —n as the base case. When i = —n, 7<;_1K(I) ~ 0 so
the base case holds by the above triangle. Then inducting, we obtain that 7<; K (I) is
built from R/I for each —n < i < 0. When i = 0, 7<;K(I) = K(I) so this gives the
claim as desired.

(2) Note that K. (x) is the homotopy colimit of K(z') by Lemma 6.2. Therefore by
combining Corollary 3.23 with the triangle K (z°~1) — K(2%) — K (x) from Exercise A.39,
we see that K (z) lies in the localizing subcategory generated by K (x). As such, K (x)
builds Ko (). The general case follows from this.

(3) One sees from Definition 4.7 that K (I) is a dg-flat complex, and hence R/I @k
Ko(I) = R/I ®r Kx(I) by Proposition 4.12. As R/I @ R[1/x;] ~ 0, one sees that
R/I ®% Ko(I) ~ R/I. As R builds any M in D(R), K (I) ~ Kw(I) ®% R builds
Koo(I) ®% M for all M € D(R). Therefore Koo(I) builds R/I @Y% Koo(I) ~ R/I as
required.
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Therefore we have the above chain of inclusions of localising subcategories, and hence they are
all equal. 0

Remark 6.4. The previous result shows that ‘up to the ambient structure of D(R)’ the objects
R/I, K(I) and K (I) are all equivalent. This is an incredibly powerful point of view which is
frequently encountered. For example, one can never hope to classify all objects of D(R) up to
quasi-isomorphism, so we instead try to classify them up to some operations (triangles, sums,
products, retracts, and subsets of these). There are very structured ways to study such questions
in terms of support theories which we will not touch on here. Some keywords here for those
who are interested are tensor-triangular geometry, the Balmer spectrum, stratification, and
costratification.

Corollary 6.5. The following are equivalent for a complex M € D(R):

(1) K(I) @ M ~0

(2) Koo(I) @% M ~0
(3) R/I®% M ~0

(4) RHompg (K (1), M) ~
(5) RHomp (K (1), M)
(6) RHomp(R/I, M) ~0

O

Proof. Note that {N € D(R) | N ®5 M ~ 0} is localizing, and so the first three conditions
are equivalent by Theorem 6.3. A similar argument gives that the latter three conditions are
equivalent. So it suffices to see that (1) and (4) are equivalent. As K(I) is compact (=rigid),
RHomp (K (I), M) ~ DK (I) ®% M. Now DK (I) ~ S/ K (I) where ¢(I) denotes the number
of generators for I (Exercise A.41), and the claim follows. O

Theorem 6.6. The inclusion Loc(K (I)) — D(R) admits a right adjoint I'r. Moreover, I'y ~
Koo(I) ®% —. Hence when R is Noetherian, H_;(T;M) = H{(M) for all R-modules M.

Proof. The existence of the right adjoint follows from Theorem 3.12. By uniqueness of adjoints,
it suffices to verify that K.(I) ®5 —: D(R) — Loc(K(I)) is right adjoint to the inclusion.
Firstly, we note that this is well-defined (i.e., the image of K, (I) ®}% — is in Loc(K(I))) by
Theorem 6.3 together with the fact that R is a generator for D(R).
There is a map K (I) = R, so we want to show that the induced map

Hom(N, Koo (I) ®% M) = Hom(N, M)
is an isomorphism for all M € D(R) and all N € Loc(K(I)). Equivalently, that

fnar: RHompg(N, Koo(I) @% M) = RHomg (N, M)

is an equivalence for all M € D(R) and all N € Loc(K(I)). The set of N € D(R) such that
fn,ar is an equivalence is a localizing subcategory, so it suffices to show this for N = K(I).
From here, by another localising subcategory argument we may further reduce to showing it for
M = R.

So we want to show that RHomp(K (1), Ko (I)) — RHompg (K (I), R) is an equivalence. Now
by Corollary 6.5, this is moreover equivalent to checking that R/I ®Y% Koo(I) — R/I is an
equivalence which we saw is true in the proof of Theorem 6.3.

The final part of the statement then follows from Theorem 5.16. O
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Remark 6.7. In the previous proof, we made a passage from the external abelian-group valued
hom to the internal hom. This was possible since R (the monoidal unit) is a generator for
D(R). Without this, the argument would fail, but would be fixed if we replaced Loc by Loc®
everywhere. This is a subtle but important point when it comes to generalising this theory
beyond D(R) as we will see later on.

Definition 6.8. We call the functor I';: D(R) — D(R) the derived I-torsion functor. An object
M € D(R) is said to be derived torsion if the canonical map I'tM — M is an equivalence. We
denote the full subcategory of derived I-torsion objects by D(R)!-ts,

Corollary 6.9. The derived torsion functor Iy is idempotent, that is, the natural map 't M —
;M is an equivalence for all M € D(R).

Proof. There are several ways to see this. One way is to note that since I';: D(R) — D(R)!-tors
is right adjoint to a fully faithful functor by Theorem 6.6, the counit map I'yN — N is an
equivalence for all N € D(R)’*°"s, Such N are of the form I'; N by assumption, which gives the
claim.

Alternatively, one can just make a direct computation since it suffices to show that K (1) ®@%
Ko (I) — Ko(I) is an equivalence. Again, there are several ways to do this using either
the arguments in Theorem 6.3 or Theorem 6.6, and we leave it to the reader to choose their
favourite. O

6.2. Derived completion and local homology. The identification of derived torsion as a
tensor product suggests the following dual definition.

Definition 6.10. The derived I-completion functor A;: D(R) — D(R) is defined by
A;(M) = RHompg(Ko (1), M).

An object M € D(R) is derived I-complete if the canonical map M — A;M is an equivalence.
We denote the full subcategory of derived I-torsion objects by D(R)!-tors,

Remark 6.11. It is worth commenting on why one should view A; as some sort of completion
functor. Recall that K (z) is the homotopy colimit of K (x?), and therefore A;M is the homotopy
limit of RHompg (K (), M). The unstable Koszul complexes are self-dual and compact, so this
is equivalent to the homotopy limit of K (z) ®% M up to shift. As we have seen above K (z*)
may be considered as closely related to the quotient R/z’, so we are taking a homotopy limit of
a system which is very similar to R/x! ®|R M, which should be reminiscent of the definition of
the completion.

From this definition, we can make two easy observations.
Theorem 6.12. Let R be a commutative ring and I be an ideal generated by a finite sequence.

(1) Greenlees-May duality: The endofunctors I't and Ar form an adjunction.
(2) MGM equivalence: The natural maps T'yM — TyAfM and AT M — AfM are equiva-
lences for all M € D(R). Consequently the functors

Ar: D(R)! = D(R)T™P . T

give an equivalence of categories.
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Proof. Item (1) is an immediate consequence of the tensor-hom adjunction.

For (2), note that I'yA;M — TI';M is an equivalence if and only if RHompg(K (1), M) —
RHomp(K (1), AM) is an equivalence by Corollary 6.5. This is true by applying GM-duality on
the right hand side, and using the fact that K (I) is derived I-torsion. The proof that the other
map is an equivalence is similar. O

Remark 6.13. Here we defined derived completion in terms of derived torsion. We could have
also given a different definition of derived I-completion (at least in the Noetherian setting) in
an analogous way to Theorem 5.16, by using the left derived functors of the I-adic completion
functor. However there are significant technicalities to overcome if one chooses this path, as
I-adic completion is neither left nor right exact. For example, it is not true in general that for
an R-module M we have Ho(A;M) = M.

Corollary 6.14. The derived completion functor Ar: D(R) — D(R) is idempotent.

Proof. This follows immediately from the MGM equivalence, or alternatively, since A;jM —
ArArM is an equivalence if and only if RHomp(K (1), M) — RHompg(K(I),A;(M)) is an
equivalence as verified in the proof of the previous result. O

For completeness, let us state the relationship between derived completion and ordinary comple-
tion. Firstly we need the following definition.

Definition 6.15. Let R be a commutative ring and I be an ideal of R. The local homology
modules of R, are defined to be the left derived functors of I-adic completion:

H] (M) = Li((—)])(M).
Therefore H! (M) = H;(P}') where P is a projective resolution of M.

Remark 6.16. Since I-adic completion is neither left nor right exact in general, H{ (M) need
not be the same as M.

The following gives an analogue to Theorem 5.16 for local homology. We will not give the proof
of the following - the strategy is similar to that used in the proof of Theorem 5.16 but the
technicalities are more pronounced.

Theorem 6.17. Let R be a commutative Noetherian ring and I be an ideal of R. Then
H;(A;M) = HY(M) for all R-modules M. In particular, A;R ~ R}.

Remark 6.18. Note that the functors I'r and A exist for any commutative ring and finitely
generated ideal I, and satisfy Greenlees-May duality and MGM equivalence in this setting.
However, the relationship to the local (co)homology modules does not exist in this broad
generality; one needs to put assumptions on R and/or I; in particular R being Noetherian
suffices.

7. LOCALIZATION THEORY IN TRIANGULATED CATEGORIES

In this section, we take the results of the previous section as the bedrock for introducing a
formalism of local cohomology in general (tensor) triangulated categories.
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7.1. Localization and colocalization. We have seen a few localization and colocalization
functors throughout the course so far without giving them a detailed study of their own, for
instance, they appeared in the proof of Proposition 3.13, in Exercise A.47, and in the previous
section. In order to general the ideas of the previous section to general trianguated categories,
we will now make an in-depth study of (co)localizations and record their properties.

Definition 7.1. A triangulated functor L: T — § is a localization if it has a fully faithful
right adjoint. Note then that S ~ LT, the essential image of L. Frequently we write L for the
composite of L followed by the inclusion. A colocalization is the dual concept.

Remark 7.2. Some authors might call the above a Bousfield localization to distinguish it from
other types of localizations. In this course, we will only see Bousfield localizations.

Remark 7.3. An alternative more explicit definition of a localization is as follows. A localization
is an exact functor L: T — T together with a natural transformation n: id — L such that
Ln: L — L? is an isomorphism, and Ln = nL. Note the difference between the codomains in
the definitions.

Definition 7.4. Let L be a localization on T. An object X € T is said to be L-local if the unit
map X — LX is an isomorphism, and is said to be L-acyclic if LX ~ 0.

With the definitions set, we may now turn to proving various properties of (co)localizations.
Firstly, we show that localizations and colocalizations always come in pairs.

Proposition 7.5. Let T be a triangulated category. There is a one-to-one correspondences
between localizations of T and colocalizations of T, in which L and I' correspond if and only if

I'X - X - LX — XI'X is a triangle for all X € T.

Proof. Suppose that L is a localization of T. By (TR1) we may extend the unit map X — LX
to give a triangle
rx - X —-LX —3¥IX.

By applying the triangulated functor L and using Proposition 2.18 we see that LI'X ~ 0,
so I'X is L-acyclic. Conversely, suppose that Z is L-acyclic. Then Homt(Z, LX) = 0 since
Homt(Z,LX) = Homt(LZ, LX) = 0 by adjunction. Therefore, applying Homt(Z, —) to the
above triangle, we see that Homt(Z,T'X) = Homt(Z, X). Therefore I'X has a universal
property: if Z is L-acyclic and there is a map f: Z — X, then f factorsas 7 - T'X — X.

Normally applying (TR3) to construct maps is not functorial, but the above universal property
of I'X allows us to make I' functorial as we now describe. Let f: A — X be a morphism in T.
By (TR3) we obtain a map I'(f) in the commutative diagram

Y 1lrA TA A LA
| o | ]
Y»1lLx rx X LX

So to see that I' is functorial, it suffices to show that I'(f) is unique which is immediate from the
universal property. Therefore, given a localization L, we have constructed a functor I': T — T.
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It remains to prove that I' is triangulated and is a colocalization. Firstly, we consider the
diagram

LX — 3T © X YLX
Lol bk
YLy X — 5 TYX Y X LYX

in which the top row is the triangle obtained by applying ¥ to the standard triangle, and the
bottom row is the standard triangle on ¥X. Using (TR3) and the 5-lemma, we deduce that
'Y ~ ¥T". We use this isomorphism implicitly in what follows.

Consider a triangle X i> V4 z5hyx We may complete the map I'f to a triangle by (TR1).
Consider the diagram

rx J.ry_—<e,c_f,srx

|
lGX lEY i € lEeX

X 7 Y —— 72 o YX

in which the dashed map exists by (TR3). Suppose that W is L-acyclic. By applying Hom+ (W, —)
and the 5-lemma, we see that Homt (W, C) — Homy(W, Z) is an isomorphism. Therefore C'
is terminal amongst L-acyclic objects mapping to Z. We proved above that I'Z admits the
same universal property, and hence C' ~ I'Z. As in the proof of functoriality above, one then
identifies o and 8 with I'g and I'h. Therefore I' is triangulated as required.

It remains to prove that I' is a colocalization. Consider the inclusion of the L-acyclic objects
into T. We have seen that for any L-acyclic Z, we have that Homt(Z,I'X) — Hom7(Z, X) is
an isomorphism. Therefore I' is right adjoint to this inclusion functor. To see that the inclusion
is fully faithful, we just need to see that the counit is an isomorphism, i.e., that the map
€: I'Z — Z is an isomorphism if Z is L-acyclic. This is immediate by the standard triangle. [

Next, we give various equivalent characterisations of local objects. We leave the dual colocal
version to the reader. We use the following notation: for any subcategory X,

X+ ={Y € T|Hom7(X,Y) =0 for all X € X}.

Proposition 7.6. Let T be a triangulated category and L be a localization. Write ' for
corresponding colocalization as in Proposition 7.5. The following are equivalent for an object
XeT:

(1) X is L-local;

(2) X ~ LY for someY €T;

(8) Homt(Z,X) ~ 0 for all L-acyclic objects Z;

(4) X is T'-acyclic.
In particular, im(L) = ker(L)~.
Proof. The implication (1) = (2) is trivial. For (2) = (3) we have Homt(Z, X) = Homt(Z,LY) =
Homt(LZ,LY) since L is a localization. Now this is zero for all L-acyclic Z as required. For
(3) = (4), as LT' ~ 0 as proved in Proposition 7.5, the map e: 'X — X is zero by assump-
tion, and hence I'e = 0. However, I'e: I'2X — I'X is an isomorphism. Therefore I'X ~ 0 as
required. Finally, the implication (4) = (1) follows immediately from the defining triangle
I'X - X - LX — ¥I'X by Proposition 2.18. U
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Corollary 7.7. Let L be a localization. Then the full subcategory ker(L) of L-acyclics is
localizing, and the full subcategory im(L) of L-local objects is colocalizing.

Proof. Since L is a triangulated functor, ker(L) is thick. Now X € ker(L) if and only if
Homt(X,Y) = 0 for all L-local objects L. Therefore ker(L) is closed under coproducts, and
hence is localizing. The argument that im(L) is colocalizing is similar. g

7.2. Tensor versions and smashing localizations. In this subsection we consider localiza-
tion functors on tensor-triangulated categories. In order to ensure good behaviour with the
tensor product, it is necessary to refine the notion of localization slightly.

Definition 7.8. A localization functor L: T — T is said to be monoidal if LX ~ 0 implies that
L(X®Y)~0forall Y € T. A colocalization functor I': T — T is monoidal if I'X ~ 0 implies
that TF(Y,X) ~0forallY € T.

Lemma 7.9. Let L: T — T be a monoidal localization. There is a natural map ax: L1 ® X —
LX forall X €T.
Proof. Applying L to the defining triangle we have a triangle

LT1®X)—>LX - L(L1® X) - XL(I' ® X).

The first entry is 0 since L is monoidal, and hence LX — L(L1 ® X) is an isomorphism by
Proposition 2.18. Therefore we have a natural map L1® X — L(L1® X) ~ LX as required. O

Proposition 7.10. Let T be a tensor-triangulated category, and let L be a monoidal localization.
Write S for the full subcategory of L-local objects. The following are equivalent:

(i) The natural map ax: L1 ®@ X — LX from Lemma 7.9 is an equivalence for all X € T.
(ii) i: S — T preserves coproducts (equivalently, L: T — T preserves coproducts).
(iii) S is a localizing subcategory of T.

If any of these equivalent conditions hold, we say that L is smashing.
Proof. This is left as Exercise A.47. O

We also introduce another well behaved form of localization.

Definition 7.11. A localization functor L is finite if ker(L) is generated by compact objects.

We now have an existence result for finite localizations.

Theorem 7.12. Let T be a tensor-triangulated category with coproducts which is compactly
generated by rigid objects, and suppose that IC is a set of compact objects in T. There is a smashing
localization functor Li which depends only on Thick®(K), such that ker(Lx) = Loc®(K).

Proof. Write J for the union of the sets of objects of the form K ® G1 ® G2 ® - - - G,, where
K € K, each G; € G where G is a set of compact and rigid generators for T, and n € N. Firstly,
we have

Thick®(K) = Thick(7)
since the left hand side contains 7, and the right hand side is a thick ®-ideal. Therefore every
object in Thick®(K) is compact (by Exercise A.24). In a similar way we have Loc®(K) = Loc(7).
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By applying Construction 3.20 and Theorem 3.21 to the set J of compact objects we have
for each X € T, a triangle 'X — X — LX such that T'X € Loc®(K) and HomT(Z,LX) = 0
for all Z € Loc®(K). The same proof as Proposition 7.5 shows that ' can be made into a
colocalization.

Note that I'X ~ 0 if and only if Homt(Z, X) = 0 for all Z € Loc®(K) as HomT(Z, X) =
Homt(Z,T'X). So if 'X ~ 0, then Homt(Z, F(Y, X)) = Hom7(Y, F(Z,X)) = 0 and hence
FF(Y,X) ~ 0 for all Y € T so that I" is monoidal. By Exercise A.45, it follows that L is
monoidal. Now X is L-local if and only if Homt(Z, X) = 0 for all Z € Thick®(K). Since any
such Z is compact, we see that the category of L-local objects is closed under coproducts, and
hence L is smashing by Proposition 7.10.

Finally it remains to see that ker(L) = Loc®(K). Note that ker(L) is localizing by Corollary 7.7
and contains J. Therefore Loc®(K) C ker(L). Conversely, if LX ~ 0, then X ~ I'X €
Loc®(K). O

Remark 7.13. If T were rigidly-compactly generated, then in the first paragraph of the previous
proof it is not necessary to take iterated tensor products when defining 7. Indeed, in this
setting Thick®(K) = Thick(K ® G).

8. DUALITY THEOREMS

In this section we reach the culmination of this course. Firstly, we will use the theory of
localizations to show that any set of compact objects in a nice enough tensor-triangulated
category T gives rise to two localization and two colocalization functors which satisfy strong
compatibility results, in particular a form of local duality. We will then see that in the case of
D(R) we recover local cohomology and Grothendieck local duality from this very general theory.

8.1. The abstract story. We apply the localization theory set up in the previous section to
produce (derived) torsion and completion functors in wide generality.

Definition 8.1. Let T be a tensor-triangulated category which is compactly generated by rigid
objects, and let I be a set of compact objects in T. We refer to the pair (T, K) as a local duality
context.
Recall that for a subcategory X of T we write

X+ ={Y € T|Hom(X,Y) ~0 for all X € X}.

Definition 8.2. Associated to a local duality context, we have the following full subcategories
of T:

o TRtors .— [,oc®(K)
° TlC-loc = (TIC-tors)J_

* TIC—comp = (TIC—loc)i.
We call the objects in these categories KC-torsion, /C-local, and K-complete respectively.
Remark 8.3. Note that the previous definitions only depend on I up to its thick tensor closure.

Theorem 8.4. Let (T,K) be a local duality context. There are monoidal localization and
colocalization functors:

DT — Tt LT TRy 7 TR AL T Thcome
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fitting into triangles TX — X — LX and VX — X — AX. These satisfy the following
properties:

(1) We have ker(L) = im(T") = T’C-tors;

(2) We have ker(T") = im(L) = im(V) = ker(A) = Th-oc;

(8) We have ker(V) = im(A) = TK-comp,

(4) forany X € T, LX ~ L1 ® X and TX ~T1® X;

(5) for all X € T, the natural maps I'X — I'AX and AT X — AX are isomorphisms;
(6) the functors T and A give an equivalence of categories T-0rs ~ TK-comp,

Proof. By Theorem 7.12, there exists a smashing localization L and a corresponding colocaliza-
tion ' such that ker(L) = im(T") = Loc®(K). We define V = F(L1,—) and A = F(T'l, —). These
are triangulated functors which are idempotent. We will verify that these are (co)localizations
later on.

Proof of (1): This was already proved in the previous paragraph.

Proof of (4): L is a smashing localization by Theorem 7.12 so LX ~ L1 ® X for all X € T. By
(TR3) and the 5 lemma, it follows that TX ~T1 ® X for all X € T.

Proof of (2): We have im(L) = ker(I") = T*1°¢ by Proposition 7.6. By the idempotence of V'
together with the associated triangle VX — X — AX, we also see that ker(A) = im(V). So it
remains to prove that ker(A) = TX-loc,

If X € TA9¢ then Hom(I'l ® G, X) ~ 0 for all G € G by (1). Therefore Al ~ F(I'l, X) ~ 0.
Conversely, suppose that AX ~ 0 and Y € Loc®(K). Then Hom(Y, X) = Homt(TY, X) by
(1). Since I' is smashing, this is equal to Hom7(I'l ® Y, X)) ~ Hom7(Y,AX) ~ 0.

Proof of (3): This follows the same strategy as the second paragraph of (2).

Proof of (5): We have ALX ~ 0 for all X by (2). Therefore by applying A to the triangle
I'X - X — LX we conclude that A'’X — AX is an isomorphism by Proposition 2.18. The
other isomorphism is similar.

Proof of (6): This is immediate from (1), (3), and (5).

Finally we argue that A is a localization functor. To do this, it suffices to show that the
canonical map HomT(AX,AY) — Homt(X,AY) is an equivalence. This is equivalent to
Homt(VX,AY) ~ 0. Now by (2), VX € TA¢ and by (3) AX € TAmP 50 the claim follows.
Finally, we need that show that A is moreover a monoidal localization. To see this, if AX ~ 0,
then I'X ~ 0 by (5). Again by (5) together with (4), AX®Y) ~AT'(X®Y) 2 ATX®Y)~0
as required. ]

Remark 8.5. If one is ever considering two different local duality contexts, we record the
subscript of the set of compact objects on the associated functors, e.g., I'k.
Corollary 8.6 (Greenlees-May duality). Let (T,K) be a local duality context. Then
r:17T2T:A
form an adjoint pair which internalises, i.e., for all X, Y € T,
FTX,Y)~ F(X,AY).
In particular, AX ~ F(T'1, X).
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Proof. We have the following string of equivalences:

FTX,Y)~ F(TX,TY) as I' is a colocalization
~ F(ATX,ATY) by Theorem 8.4(6)
~ F(AX,AY) by the MGM equivalence (Theorem 8.4(5))
~ F(X,AY) as A is a localization.
The final claim holds by taking X = 1. O

Remark 8.7. Note that applying Homt (1, —) to the internalised adjunction yields the external
form of the adjunction Homt(I'X,Y’) ~ Homt(X,AY)

Example 8.8. Let R be a commutative ring and I be an ideal generated by a finite sequence.
Consider the local duality context (D(R),{K(I)}). Then I' =T'; and A = A; by Theorem 6.6.

The above framework is a powerful setting which gives rise to various duality statements. Above
we already saw Greenlees-May duality, in the exercises you will see affine duality, and here we
discuss Warwick duality.

Theorem 8.9 (Warwick duality). Let (T,K) be a local duality context. Then there is an
equivalence LAX ~ Y VTX for all X € T.

Proof. This is a composite of three equivalences:
LAX <« VLAX — VYTAX « VXI'X.

For the first one, by the triangle relating V' to A, it suffices to check that ALAX ~ 0 by
Proposition 2.18, which is true by Theorem 8.4(2). To verify the second equivalence, it suffices to
check that VAX ~ 0 by Proposition 2.18, which holds by Theorem 8.4(3). The third equivalence
is the MGM equivalence (Theorem 8.4(5)). Finally note that as V' is triangulated, it commutes
with the shift functor. O

Example 8.10. Specialising to the case T = D(Z) and K = {Z/p}, Warwick duality states that
Z[1/p] @} Zy) ~ SRHomz(Z[1/p], Z/p™).

8.2. Recovering Grothendieck local duality. In this section we explain how the formalism
developed in the previous section (in particular, Greenlees-May duality) may be used to recover
Grothendieck local duality as stated in Theorem 5.17. One should not think that the point of
this theory was to give a snazzy new proof of Grothendieck local duality; rather, the triangulated
formalism applies in much wider contexts: in representation theory, in algebraic geometry, and
in topology.

Theorem 8.11 (Grothendieck local duality). Let (R,m, k) be a local Gorenstein ring. Then
Extip(M, Ry) = Hy "7 (01)"
for all R-modules M.
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Proof. We have the following chain of equivalences in D(R):

RHomp (M, Ry) ~ RHomp(M, Ay R) as Am(R) ~ RJ, by Theorem 6.17
~ RHompg(I'nM, R) by Greenlees-May duality (Corollary 8.6)
~ RHompg(I'wM,T'nR) as I'y, is a colocalization
~ RHomp(I'yM, £~ 40 g (k) as R is Gorenstein
~ S ImB Hom g (MM, E(k)) as E(k) is injective.

Applying H_; we obtain
Extl (M, R)) = Hgim(r)—i(Hompg(T'n M, E())) by the above equivalences
= Hompg(H;_gim(r)(TmM), E(k)) by Exercise A.12
= Homp(Ho™ B~ (A1), E(k)) by Theorem 5.16
= gamB)=i v by definition of (—)"
as required. ]

8.3. The local-to-global principle. As another application of the formalism developed in
this section, we prove that D(R) (for R commutative Noetherian) satisfies the local-to-global
principle, meaning that any object of D(R) can be recovered (in the localizing sense) from a
certain collection of small objects.

In order to state and prove this result, we need to set some notation. Recall that for a
commutative ring R, Spec(R) is the set of all prime ideals p of R. Given a subset V' of Spec(R), we
write Iy, Ly etc., for the functors associated to the local duality context (D(R),{K(p) | p € V}).

We set V(p) = {q € Spec(R) | p € q} and Z(p) = {q € Spec(R) | q £ p}-

Throughout this section, we use repeatedly that in D(R) any localizing subcategory is a localizing
®-ideal, since D(R) is generated by its tensor unit. Firstly we turn to identifying the functors
associated to these local duality contexts.

Lemma 8.12. Let R be a commutative Noetherian ring. The functor I,y may be identified
with the functor I'y from Theorem 6.6.

Proof. It suffices to show that Loc(K(q) | p C q) = Loc(K (p)). The reverse inclusion is clear, so
we prove the forward inclusion; that is, we must prove that if p C q, then K(q) € Loc(K (p)).
Since K (p) is dg-flat, one calculates that K (p) ®% R/q~ R/q. Therefore by Theorem 6.3,
we also have Koo (p) ®% K(q) ~ K(q), and hence K(q) € Loc(Kuo(p)) = Loc(K (p)). O

Lemma 8.13. Let T be a tensor-triangulated category which is compactly generated by rigid
objects. Suppose that KC and L are sets of compact objects of T, and Loc®(K) C Loc®(L). Then

F}C EFKFL EFEF;C.

Proof. This is left as Exercise A.51. O

Lemma 8.14. Let R be a commutative Noetherian ring, and let p be a prime ideal in R. Then
HOII]D(R) (R, LZ(p)M) ~ HOH]D(R) (R, M)p
for all M € D(R).
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Proof. The functor Hompg) (R, —)p: D(R) — Ab is homological and coproduct preserving. For
all z € R\p, we have Homp ) (R, K(z)), = 0. By a localizing subcategory argument, we
therefore have Homp gy (R, 'z, M), = 0 and hence
HomD(R) (R, M)p 1) HOI’HD(R) (R, LZ(p)M)p-
Now applying Hompg)(—, Lzp) M) to the triangle
R% R— K(x)
shows that multiplication by x is an isomorphism on Hompg(R, Lz M) if x € R\p, since
Homp gy (K (z), LypyM) ~ 0 as K(x) is Z(p)-torsion. Therefore
HOHlD(R) (R, LZ(p)M)p ~ HOIIID(R) (R, Lz(p)M)
and hence Homp gy (R, Lz M) = Hompp) (R, M), as desired. O

In light of the previous result, we write L for the functor Lz,). We now have the necessary
ingredients to prove the local-to-global principle for D(R).

Theorem 8.15 (Local-to-global principle). Let R be a commutative Noetherian ring. For any
M € D(R) we have
Loc(M) = Loc(I'y Ly M | p € Spec(R)).

Proof. Note that it suffices to prove that R € Loc(I'yLyR | p € Spec(R)) since then applying
— ®IR M, we obtain the desired result since I'y and Ly, are smashing by Theorem 8.4(4). We
split the proof of this up into steps.
Step 1: Let X = {p € Spec(R) | I',R € Loc(I'yLyR | p € Spec(R))}. We prove that if p € X and
p C q, then q € X.
To see this, we have I'y\R ~ I'qI', R by Lemma 8.13 since
Thick(K (q)) = Thick(K(a) | a € V(q)) C Thick(K(a) | a € (p)) = Thick(K(p))
by Lemma 8.12. Since I' is smashing (Theorem 8.4(4)), this is moreover equivalent to I'yR®L% Ty, R,
and this is in X by assumption (since R builds I';R).
Step 2: Let U(q) = V(q)\{q}. We claim that there is a triangle
FU(q)R — FqR — FquR
for any q € Spec(R).
To prove this, note that we have a triangle T'yyq)M — M — Ly M for any M € D(R) by
Theorem 8.4. We take M = I'qR. Then I'yy()['R ~ ['yy(q) R by Lemma 8.13 since U(q) € V(q).
So it remains to prove that Ly I'q R >~ Lgl'q. In order to do this, we consider the triangle
Lz@Lo@blelt = Lu@laR = LoLyglo R
The latter term is equivalent to LqI'qM by Lemma 8.13 as U(q) € Z(q). For the first term, we
have
Fz@Lowbts > Lu@lz@ls ~ Lu@I z@)nvw
where the first equivalence follows from the functors being smashing, and the second from
a similar argument to the proof of Lemma 8.13. Since Z(q) N V(q) € U(q), we see that

LU(q?F(Zi(q)ﬂ\/(q) ~ 0. Therefore from the above triangle we deduce that Ly I'qR ~ LqyI'qR as
required.
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Step 3: We now prove that X = Spec(R).

In order to do this, we suppose not and derive a contradiction. So, if X # Spec(R), then since
R is Noetherian, there is a maximal q € Spec(R)\X. We have

TyqR € Loc(K(p) [ p € U(q)) by definition
= Loc(TyR | p € U(q)) by Theorem 6.3
C Loc(I'y Ly R | p € Spec(R)) as q C p, p is in X by maximality of q.

Now, by the triangle in Step 2, we must have I'yR € Loc(I'yLyR | p € Spec(R)) since 'y R
lies in there by the above, and I'q LR is also in this localizing subcategory by definition. This
means that q € X which is a contradiction, and hence X = Spec(R).

Step 4: We claim that if V' = {U;c; U(p;), then Loc(I'vR) = Loc(I'y,R | i € I).
Note that I'yI'y, ~ I'p, by Lemma 8.13, so the reverse inclusion holds. For the other inclusion

we have
I'vR € Loc(K(q) |qe V) by definition
= Loc(K(q) | 9 € User V(pi)) by assumption on V'
= Loc(K(p;) |1 € 1) by Lemma 8.12
= Loc(I'y,R|ie 1) by Theorem 6.3.

Step 5: We now put this all together to deduce that R € Loc(I'yLyR | p € Spec(R)) as required.

Choose a cover Spec(R) = Uier Vpi. We have R = T'gpeq(g) R since Lgpec(ry R = 0 by an argument
similar to Lemma 8.14. Hence

R~ T'gpeer)R € Loc(I'y, R | i € I) € Loc(T'y Ly R | p € Spec(R))
where the first inclusion is by Step 4, and the second inclusion is by Step 3. O
This gives the following powerful corollary which is sometimes called the detection property.

Corollary 8.16. Let R be a commutative Noetherian ring. For M € D(R), we have M ~ 0 if
and only if TyLyM ~ 0 for all p € Spec(R). O
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APPENDIX A. EXERCISES

Exercise A.1. Prove that in the definition of a triangulated category it is not necessary to
assume that distinguished triangles are candidate triangles. In other words, prove that any
‘triangle’ satisfying (TRO)-(TR3) is necessarily a candidate triangle.

Exercise A.2. This exercise is designed to convince you that signs can be important in
triangulated categories (e.g. in (TR2)). Consider the multiplication by 3 map on Z, and the
cone of this map C(-3). Consider the diagram

3(-3)

7 —— C(-3) )3/ $7Z
[ r
7 —— C(-3) SZ —p TZ

Show that for no such map f making the diagram commute (in K(Z)) can exist.
Exercise A.3. Let T be a pretriangulated category.

(1) Suppose that X - Y — Z = XX and X' —» Y’ — Z/ — X7’ are candidate triangles.
Show that if their sum is a distinguished triangle, then so is each summand.
(2) Show that for any map 6: X — Y in T, 6 is an isomorphism if and only if there is a

triangle X 5y 502X,
(3) Show any triangle of the form X Iy % 7% vx s split, that is, isomorphic to a
triangle of the form X - X ® 72 — Z —» ¥X.

Exercise A.4. Let F': T — U be a triangulated functor. Prove that the kernel of F' is a
triangulated subcategory of T.

Exercise A.5. Prove that K(R) satisfies the following dual Ore condition: given a quasi-
isomorphism s: X — X’ and any map f: X — Y, then there exists a commutative diagram

x -1,y

AR
X/ T Y/
in which s’ is also a quasi-isomorphism.

Exercise A.6. Prove Lemma 2.32.

Exercise A.7. What we have called rooves so far are infact left rooves. In an analogous way,
one may define right rooves to be diagrams

X/ZFN\Y

The Ore condition associates to any right roof a left roof. Show that this gives a bijection
between equivalence classes of right and left rooves.

Exercise A.8. Consider the full subcategory D(R)>, consisting of the complexes M such that
H;(M) = 0for all i < n. Prove that 7>, is right adjoint to the inclusion functor D(R)>, — D(R).
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Exercise A.9. Prove Lemma 2.39.

Exercise A.10. Show that there exists a map «: Z/p — ¥Z/p in D(Z) which is not null
homotopic, but which has H,(a) = 0.

Exercise A.11. Give an example of a quasi-isomorphism which does not have an inverse in
the category of chain complexes (i.e., find a quasi-isomorphism f: M — N for which there can
be no chain map g: N — M such that H.(f) and H.(g) are inverses.)

Exercise A.12. Let I be an injective R-module. Prove that for any M € D(R) and n € Z
there is an isomorphism H,,(Hompg(M,I)) = Homg(H_,M,I).

Exercise A.13. Let k be a field. Prove that the category of vector spaces over k may be given
a triangulated structure in which the shift functor is the identity, and the distinguished triangles
XLY&Z@XaretheexactsequencesXLY&Z@XLY.

Exercise A.14.

(i) Show that the short exact sequence 0 — Z/2 — Z/4 — Z/2 — 0 of Z-modules does not
give rise to a triangle in K(Z).

(ii) Prove that if 0 — L i> ML NS0isa split exact sequence of R-modules, then there
is a map h: N — XL such that L LhMENESLisa triangle in K(R).

Exercise A.15. A complex M € D(R) is said to be perfect if it is quasi-isomorphic to a
bounded complex of finitely generated projectives. Write Perf(R) for the full subcategory of
D(R) consisting of the perfect complexes. Show that Perf(R) is a thick subcategory.

Exercise A.16. Which of the following are compact objects?

(1) Z/p € D(Z)

(2) Q € D(z)

(3) Q € D(Qlx])
(4) Q € D(Q[z]/2?)

Exercise A.17. Let F : T 2 U : G be an adjunction between triangulated categories.

(1) Prove that if G preserves coproducts, then F' preserves compact objects.
(2) Suppose that T is compactly generated and that F' preserves compacts. Show that G
preserves coproducts.

Exercise A.18. Let T be a compactly generated triangulated category. A map f: X — Y is
said to be phantom if the induced map Homt(C, X) — Homt(C,Y) is zero for all compacts C.
Prove that a coproduct and product preserving triangulated functor preserves phantom maps.

Exercise A.19. Prove that the full subcategory of rigid objects of a tensor-triangulated category
T is thick. Prove that the full subcategory of F-compact objects of T is thick.

Exercise A.20. Let T be a tensor-triangulated category, and suppose that X € T is rigid.
Prove that the natural map

FY, 1)@ X - F(Y,X)
is an equivalence for all Y € T.

Exercise A.21. Let X be a rigid object of T. Prove that the functor X ® —: T — T commutes
with products.
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Exercise A.22. Prove Proposition 4.23(3).

Exercise A.23. This exercise concerns the construction of Brown-Comenetz duals in tensor-
triangulated categories. These are certain ‘designer’ objects which play an important role in
stable homotopy theory. Let T be a rigidly-compactly generated tensor-triangulated category.

(1) Let C € T¢. Show that there exists an object I € T such that
HOH]T(—7 ]Ic) = HomZ(HomT(C, —), Q/Z)

(2) Define a functor I¢: T°® — T by Io(—) := F(—,I¢). Prove that Io(X) ~ F(F(C, X),11).

(3) Let X € T. Prove that if Iy(X) ~ 0, then X ~ 0. (Hint: Recall that Q/Z is a
cogenerator for abelian groups, so that if M € Mod(Z) and Homgz(M,Q/Z) ~ 0, then
M ~0.)

(4) Let X be a set of a compact objects and suppose that if X € X and C € T€, then
C ® X € X. Consider the set

X172 .= {V e T | Hom7(2'X,Y) ~ 0 for all X € X and i € Z}.

Show that if X € X and Y € X1, then X ® Y ~ 0. Deduce that if Y € X1z, then
Ic(Y) € Xtz for all C € TC.
(5) Consider T = D(R) for a commutative ring R. What is 5?7

Exercise A.24. Let T be a tensor-triangulated category.

(1) Prove that if X is compact and Y is rigid, then X ® Y is compact.
(2) Prove that if X and Y are rigid, then X ® Y is rigid.

Exercise A.25. Let T be a rigidly-compactly generated tensor-triangulated category, and let
S be a thick ®-ideal of T¢. Prove that S is radical, i.e., for all X € T¢, if X®" € S for some n,
then X € S.

Exercise A.26. Let F': Ch(R) — Ch(S) be an exact functor. Prove that there exists a natural
isomorphism ¢: F¥X = Y F, and for every f: M — N in Ch(R), there is an isomorphism
0: F(C(f)) = C(F(f)) making the diagram

(V) 292 pegny) 29 pesn

o J Jou

F(N) —— C(F(f)) < SF(M)
commute.

Exercise A.27. Let (R, m, k) be a local Noetherian ring. Prove that
Torf{(M, N)¥ = Ext’ (M, NV)

for all R-modules M and N. Show that if M is moreover finitely generated, then
Extih(M,N)V = Torl*(M, NV).

Exercise A.28. Prove Lemma 5.10.
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Exercise A.29. Consider the case R = Z and I = (p). Which of the following abelian groups
are (p)-power torsion?

Z/p  Z/p*  Z/p® L Q éZ/p ﬁZ/p ﬁZ/pi
=1 =1 =1

Exercise A.30. If a € I, show that Ko (I,a) = K (I) is a quasi-isomorphism.
Exercise A.31. Calculate H ) (Z) and H(”‘x)(k[x]) using the equivalence of Theorem 5.16.

Exercise A.32. Let (R, m, k) be a local Gorenstein ring of dimension d. Prove that for any
finitely generated R-module M, we have

Hi (M) = Ext} (M, R)".

Exercise A.33. Local cohomology satisfies some convenient base change properties. Recall that
given a map #: R — S of commutative rings, there is an induced restriction of scalars functor
6*: Mod(S) — Mod(R) which has a left adjoint S ®pr —: Mod(R) — Mod(S). Let §: R — S be
a map of commutative Noetherian rings, let I be an ideal of R, and write IS for the induced
ideal of S, i.e., if I = (x1,---,2p), then IS = (0(x1),---,0(zy)). Prove the following base
change properties:

(1) If S is a flat R-module, then for any R-module M and integer 7, there is a natural
isomorphism S ®@pr HY(M) = Hiy(S ®@r M).
(2) For any S-module N and integer i, there is a natural isomorphism H'g(N) = Hi(0*N).

Exercise A.34. Cohen’s structure theorem states that for any complete local Noetherian ring
R there is a surjective map of rings A — R where A is a regular local ring. Using this, prove
that for any complete local Noetherian ring R and finitely generated R-module M, the local
cohomology modules H{ (M) are Artinian for all i > 0.

Exercise A.35. Let (R, m, k) be a local ring.
(1) For any prime ideal p # m of R, show that HE (—), = 0.

As such, one cannot localize local cohomology modules. Now suppose that R is moreover
Gorenstein and complete. To rectify the inability of one to localize local cohomology modules,
one defines the dual localization at p to be the functor L,(M) = ((MV™),)Vr. That is, we first
do the m-Matlis dual, then p-localize, and then take the p-Matlis dual.

(2) Let M be a finitely generated R-module. Prove that Extz(M, N) = Extl, (M,, Ny).
p
(3) Show that L,(E(R/m)) = R,/p.
(4) Prove that £,(HL(M)) = H;fdlm(R/p)(Mp) for every finitely generated R-module M.
You may use without proof the fact that dim(R/p)+dim(R,) = dim(R) for a Gorenstein
local ring.

Exercise A.36. A local Noetherian ring (R, m, k) is Cohen-Macaulay if H.(R) = 0 for all
i # dim(R). By using the long exact sequence in local cohomology, prove that if R is Cohen-
Macaulay and z is a regular element in R, then R/x is Cohen-Macaulay.

Exercise A.37. Let R be a commutative ring and x be a regular element in R. Prove that
multiplication by z is surjective on H (1:5) (R).

Exercise A.38. Let I be an ideal in a commutative ring R.
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(1) Show that Homp(R/I", M) ={x € M | I"x = 0}.

(2) For m < n, note that there is an inclusion I™ C I, and therefore we obtain a surjection
R/I" — R/I™. Therefore we have maps Hompg(R/I™, M) — Hompg(R/I", M). Show
that ligHomR(R/I”,M) =TrM.

Exercise A.39. Let R be a commutative ring and x € R. Show that for each k£ > 1,
K" = K(2%) - K(x)
is a distinguished triangle in D(R).

Exercise A.40. Let R be a commutative ring. Show that if I = (z1,---,x,) is an ideal
generated by a regular sequence of elements of R, then R/I is a compact object of D(R).

Exercise A.41. Let R be a commutative ring and I = (z1,---,z,) be a finitely generated
ideal. Prove that DK (I) ~ X" K(I).

Exercise A.42. Let R =7 and I = (p). What are K(I) and K ([) in this case? You should
write these as complexes concentrated in a single degree.

Exercise A.43. Let us consider the example of the integers R = Z and I = (p) in detail.

(1) Give a closed form for the local homology modules J2al )(—) in terms of Ext-modules.

(2) Hence or otherwise, show that H(gp ) is not left exact in general.

(3) Was there anything special about the integers or the element p in part (1)? In other
words, given a commutative Noetherian ring R and an element x € R, do you need any
assumptions to make an analogous statement true?

Exercise A.44. Let R be a commutative ring and I be a finitely generated ideal.

(1) Prove that if M is a derived torsion complex, then the functional dual DM is derived
complete.

(2) Is the converse to (1) true?

(3) Prove that if M is compact and derived torsion, then DM is also derived torsion.

Exercise A.45. Let T be a tensor-triangulated category. Prove that the one-to-one corre-
spondence between localizations and colocalizations in Proposition 7.5 restricts to a one-to-one
correspondence between monoidal localizations and monoidal colocalizations.

Exercise A.46. Let T be a tensor-triangulated category, and L be a monoidal localization.
Prove that the natural map ax: L1 ® X — LX from Lemma 7.9 is an isomorphism if X is
rigid.

Exercise A.47. Let T be a tensor-triangulated category, L be a monoidal localization, and
write S for the full subcategory of L-local objects.

(1) Prove Proposition 7.10.

(2) Give an example of a smashing localization.

(3) Prove that L: T — S preserve compacts if L is smashing. Does this still hold if L is not
smashing?

Exercise A.48. Let (T,K) be a local duality context, and assume that I = {K} is a singleton.
An object X € T is said to be homologically K -local if Hom(Y, X) ~ 0 whenever K ® Y ~ 0. A
map f: X = Y in T is said to be a K-equivalence if K ® f is an equivalence. This question is
about showing that completion may be equivalently described as homological K-localization.
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(1) Show that X is homologically K-local if and only if for all f: Y — Z such that K ® f
is an equivalence, the induced map Hom(f, X) is an equivalence.

(2) Prove that the map X — AX is a K-equivalence.

(3) Prove that X is complete if and only if X is homologically K-local.

Exercise A.49. Let (T,K) be a local duality context. Prove that AF(X,Y) ~ F(X,AY) for
al X,Y €T.

Exercise A.50. Let (T, ) be a local duality context.

(1) Prove that TF(X,Y) ~ F(X,TY) forall X e T°and Y € T.

(2) Fix an object € T and define functors Dg: T’ — T and Dxqo: T — T by
Dq = F(—,9Q) and Diq = F(—,I'Q). Prove that ADZ(X) ~ D,%yQ(X) for all X € T¢.

(3) Suppose that Q is compact. Show that AX ~ D,QQQ(X) for all X € T¢.

Exercise A.51. Let T be a tensor-triangulated category which is compactly generated by rigid
objects. Suppose that K and £ are sets of compact objects of T, and Loc®(K) C Loc®(L).
Prove that

T =Tl =TIk,

Write down and prove analogous statements for L, V and A.

Exercise A.52. Let R be a commutative Noetherian ring. For each p € Spec(R), write I'y and
L, as in Section 8.3. Define a support theory on objects of D(R) via

supp(X) = {p € Spec(R) | ', Ly X % 0}.

(1) Verify that supp satisfies the following properties:

(a) supp(1) = Spec(R) and supp(0) = &;

(b) supp(XM) = supp(M) for all M € D(R);

(c) supp(M) C supp(L) Usupp(N) for any triangle L — M — N in D(R);

(d) supp(®M;) = Usupp(M;) for all {M;};

(e) supp(M ®Y% N) C supp(M) Nsupp(N) for all M, N € D(R).
(2) Let V C Spec(R). Show that supp~ (V) = {X € D(R) | supp(X) C V} is a localizing

®-ideal of T.
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